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Exercises

Section 17, pages 101-102.
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The following are based on the equivalence of theorem 17.5.

()

Take = € CI(A). By definition YU > x open, U meets A. Take U 3 x arbitrary. Then
dye UNA. Since AC B, we get y € UNB.

(b)

(«-) Take z € CI(A)UCI(B). WLOG assume = € CI(A). Then if we took open U > x
arbitrary, we get y € U N A. It follows y € UN (AU B).

(—) We show the contrapositive. Assume we have open Uy > z and open U; 3 z with
UsNA=¢and Uy N A= ¢. Take the intersection U = Uy N U; which is open. Clearly
UN(AUB) = ¢.

(c)
If v € U, Cl(A,), then for some o, € Ay, and the proof follows similarly to (b).
For a counter-example of equality, Take X = R and observe (0,1) = |J (0,z) but

0<z<L1

1€0,1]# | [0,z] # 1. Note [0, x] is the closure of (0, z) as any closed set containing
0<z<1

(0, z) must contain 0 and z.
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(a)
CI(AN B) C Cl(A) N CUB).

By 6-a, and since ANB C A and ANB C B, It follows Cl(AN B) C CI(A) and
CI(ANB) C CI(B).

CI(AN B) 3 CI(A) N CU(B).

In X = R, Observe C1(0,1) N CI(1,2) = [0,1] N [1,2] = {1} # CL((0,1) N (1,2)) =
Cl(o) = ¢.

(b)
(jl(r]azfia) g; (]a le(f4a)'
Trivially ), Aa € A V&', By 6-a, Cl(), Aa) € Cl(Ax) Vo'



Cl(N,4.) 2N, Cl(A

Follows by (a).

(c)

CI(A— B) D Cl(A) — CU(B).

Take x € Cl(A) and = ¢ CIl(B). Then (1) VU > x open where U N A # ¢. Moreover
(2) we get Uy 5 x open where Uy N B = ¢.

Consider arbitrary open U > x. Take open U; = U NUj, containing . Then Uy N B = ¢
by (2), and substituting in (1), we get Uy N A # ¢. It follows Uy N (A — B) # ¢. As
Uy C U, thereby U N (A — B) # ¢.

Cl(A— B) ¢ Cl(A) — CI(B).

In X =R, CU((0,2) — (1,2)) = C1((0,1]) = [0,1] ¢ C1(0,2) — CI(1,2) = [0,2] — [1,2] =
0,1).
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(—). let x = (g, 21) € Cl(A x B). Then for all open U and open U’ where U x U’ >
(g, 1), it follows (U x U’) x (A x B) # ¢.

Take arbitrary open U > zp and U’ 3 z; in A and B, respectively. Then U x U’ 3
(x0,z1). By hypothesis, there are (yo,y1) € (U x U')N (A x B). Hence yo € UN A and
y1 € U'N B, concluding xy € Cl(A) and z; € Cl(B). i.e x = (z9,21) € Cl(A) x Cl(B).

(¢-). Symmetric.
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Observe A is closed iff X x X — A = {(z,y) | = # y} is open.

(—) Consider x # y. By hypothesis there are open U, 3 x and U, 3 y where U, NU, =

¢. It follows U, x Uy, 3 (z,y) and U, x U, € X x X —A. Hence J U, xU, = X x X —-A

: T#Y
is open.

(«—) Consider = # y arbitrary of X. Then (z,y) € X x X — A, and then there exists
a basis element U, x U, of X x X where U, 3z, U, >y, and U, x U, C X x X — A.
If 32 € U, N U, we would have (z,2) € X x X — A but by definition that’s prohibited.
Therefore U, N U, = ¢.

19
(a)



IntANBdA

— Int AN (CI(A) N CUX — A))
= (Int ANCI(A) NCUX — A)
=Int ANCIX — A)
=IntAN(X — IntA)

=¢

Int AU Bd(A)

= Int AU (CI(A)NCI(X — A))
=(IntAUCI(A)N(Int AUCI(X — A))
=Cl(A)N(UntAUCI(X — A))

= CUA) N (Int AU (X — Int A))
— Cl(A)NX
— Cl(A)

20

(a)

For arbitrary U x V' C Int A, we have V' C {0}. But then V = ¢ and U x ¢ = ¢,
concluding | J¢ = ¢. Thereby Int A = ¢.

Cl(A) = A. By 19-a, Bd(A) = Cl(A) — Int(A) = Cl(A) — ¢ = A.
(b)

Consider open U = [J{(0,z) | x > 0} and open V = [J{(0,z) | z > 0} U |J{(z,0) | x <
0}. Observe U x V = B, thereby Int B = B.

Cl(B) = B. By 19-a, Bd(B) = CU(B) — Int(B) = B — B = ¢.
(c)
Clearly J{(0,z) |z >0} x R C IntC.

We shall show equality. Assume towards contradiction there is an (x,y) € Int C' not in
the L.H.S set. Then z < 0 and y = 0 by definition of C'. Since Int C is open there is
an open set U x V of R? that contains (z,0). But then V contains y # 0. It follows
(xz,y) € C for x <0 and y # 0. Contradiction.

By 6-b, CI(AU B) = CI(A) UCI(B) = AU B. By 19-a, BI(AUB) = Cl(AU B) —
Int(AUB) =AUB —J{(0,2) | x > 0}.



	Exercises
	6
	8
	9
	13
	19
	20


