MACT 4127 - Real Analysis I1
Spring 2025

Homework (2)
Deadline for submission: March 13 on CANVAS.

(1) Prove (directly, without using the Lebesgue-Vitali theorem) that any
bounded function on [a,b] with a countable number of points of dis-
continuity is Riemann integrable.

(2) Let f:[a,b] — R be a non-negative bounded function, and let

S(f) ={(z,y) eR* 1w € [a,8],0 <y < f(2)}.

Prove that

b —b
ci(S(f)):/ f(x)dz, and CO(S(f)):/ f(x) dx.

Deduce that f is Riemann integrable iff S(f) is rectifiable.

(3) Find the inner and outer Jordan content for each of the following sets:
(i) A line segment PQ.
(ii) The set

1 1

B = Uzolen, where Rn = [ﬁ, 2_n

> X [0,712"“} :n € N*.

(iii) The disc centered at the origin and with radius 1.

(4) Let {p, : n € N*} be an enumeration of the points with rational
coordinates in R?, and let (¢)ren+ be a sequences of strictly positive
numbers. Define the set function:

v:P(R*) — RU{+o0}, bywv(d)= Z tn

Pn€A
Examine v for the following properties:
(i) v(A) > 0 for all A.

(ii) v is monotone, i.e.

AcC B=v(A) <v(B).



(iii) v is additive, i.e.
v(AUB) =v(A)+v(B), VA, BCR*}ANB=4.

(iv) v is o-additive, i.e.

oo

v(UpliAn) = Z v(An),

n=1

for any family (A, ).en- of pairewise disjoint subsets of R?



