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(1) Let (€, %, 1) be a measure space, and let f,g: Q — R.
Prove that if f.g are integrable functions, then

fAg=min(f,g), and fV g =max(f,g)

are integrable functions.

(2) Find an example for two integrable functions whose product is not integrable.

(3) Let (€, %, 1) be a measure space, and let f :  — R be a Y-measurable function.
(a) Let f be non-negative, and for any ¢ > 0 let
A ={xeQ: f(x) >t}

Prove Markov inequality:
1
ua <7 [ Padu

(b) Let f : Q@ — R be an arbitrary Y-measurable function. Prove that if f is pu-
integrable, then there exists a countable family (B,,),en+ of elements of 3, each
of which has finite measure, such that

- (R\ {0}) = UpZ1 By

(c) Prove that if f is u-integrable, and [, |f| du = 0, then f = 0 p-almost every-
where.

(4) Let (€2, %, ) be a finite measure space, and let f :  — R be a non-negative measur-
able function. Let

A, ={ze€Q: f(zx) >n}.
Prove that f is u-integrable iff the series Y>> | u(A,) is convergent/

(5) Let (2, %, ) be a measure space, and let f: Q X [a,b] — R be a function satisfying

(i) For each fixed t € [a, b]: the function
fi : Q@ — R defined by fi(z) = f(x,1)
is p-integrable.
(ii) For each fixed z € : the function
f%:[a,b] — R defined by f*(t) = f(x,t)
is differentiable.
(iii) There exists an integrable function g : Q@ — [0, +00] such that
[z, t) = f(z,5)
t—s

Prove that, for each to €a, b[, the function h(t) = [, f; du is differentiable at ¢o, and
that

<g(x), VreQVtse€lab]t#s.

dh d
E’mto =/ %f(wt)h:to dp.




