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.7 The EO«S!C&

[ .?ec&\\

) sed s me(\el& on accumulahon 6/ Ojjfc%&‘.
These ofjecks ae called element o(/ o sef . [ an O}jfcw[ x
s an element of S ue withee xe& The sef of all elements
w0 cerlacn propecty P is denoked via £x | x bas prop=hy d!
2) dn n-acy welohon Con oasel b is asufsel of Ha power cel
of 8° ie. BeP@) 1 n=2, wecall He rlafion hunaig
A biracy telobon 2 on asel A is called]
D) symmekic if Rlab) implies B(oo) for all ape A
asymmelic if  Rlab) implies ~R(ba) focal abeh
) owlisymmalic i R6),20ba) implics a b focallapeht
v) veflesiye i Plaa) forall ach
Vieeflecve 1§ 12@a) for ol el

Vf) onsLHye f( 'E(Q&,\A'P_(lolc,j ime\ie> 2 () e.CN‘ a\l Oab,Ceﬂ.



A graple G=(1,E) is a pacr of Sefs Vand € st

E consists of Supsels of U of scee fwo. Uis calleol +le
sef of vecticas and & He sef of eolges. o 3rcf& SN
called foncle if V& a pincle seb. The ocoler 1610f o graple
G E) is fla cardinality of i veclex sek | so lai=lvy,

The sie |IG0 of 6 ute cord(\m\i\% of ks edge sery lah gt

.2\ isuglisaren

Leb G = (V,Q) be Qa J°°(’(*' We visuolise verkces UV, .. eV 6(7

Aols and QO\%Q; e- twvie £ Gu Fle o{t'o\drqm

=38
¢ ®

(2 Vv

I- b Ex&mple_

Lekt G=(1G) be’, He 3(0‘9(4 bw'J{k V—‘Za‘,é.c,cl‘ej anol
E=55ab) fa.cy, fadl, £aed, f6cl, fa,el] The 6

los orec 5 and scze 6. /¢ can be vrsualiz e viq

This V.'SQQ(l'SaL.'on mc.-,(-,’qucs (s hame : }Olo{‘fc. 8"OP(4_.



|.& \o Yobion

) Toc o grogly G=(WE) we way dencle Ths Verlex sek 6y
V(@) o Ve, foc declhy.

2) Similacly | we often dendle € by EC6)or & .

2) We denole on edge Tuwl simply by uv-

K) Edges ore offen called e,e, e g, while veckces are

called UV, Ky oo
¢ M«nd‘scﬂ
Let 6=(1E) be o graply |

0 If uve £/s an eo(6,¢, +lan we Saa Heal L Gnd v are
ad jacent O neghours. If trvd € e call woudy nonad acent.

2) Il esuve &, we sagy Hat wand v are Fe end vertrces -
o( e or MI-HA_Q% are. wncidend wily e

3) The neghporlood W) of a vecles vel s Ha sef of all verhce
odjounttov,t-e. M(yy= velVlwwe £y The closed na‘tho,doo»/
NCyv] QJ vis NLvl:=NOWIUSLY.

u) The neighborbood N(S) of asct ofuerkices is delined as
Ves):= VLé) ;ocv\ - Scmloely Hie Closed neighyarlood MES]
is Seb Yo He N[sI= NEIYS (= \HSUDI]) :

5) The degrec. O\eS(V\ og vell s He aumbec oe edl%,s lncident

WM VL ie . Qo.%(\l\'-'- |$ecE vecll\ = \U(\l\\.



() The moodm\xmde%rec 4 l&) o@ G deléncé\ o

AG)= wox Tdegli) | ves . Semitorly, 8O):=minddeg (9 ve VY
's e intmum degree ok &
3) The deqeee Sequence of « qogle & s the Sequance
Contorncngy o\ deggees of e verlices of G Lulth epitikon)

. duzcwausz,r\% OtchaC -

| 3+ Example

Q 6 c

Con&i,der G 8i\leh lo:& 2 \ 2
d(6)=1 et —

e.
N(C\: Zc‘\d\(—k
Mr_b]: ibldh “[q\al:ichl(‘klewg\%s

Ococ OK G s J, site of & s Q.'D:ave.QSq‘,wv\o;. (s (';"St%.?-\?-\l.\\.

| R Exaw\p\c

COV\SL&U' G 0&\\16‘/\ WG Hee M%{'&m

g 3 2 o ﬂeh V(G)\:fa‘6|c‘dgtt¥\a,&. L.3
(3 b c d . B
L AL tle)-{laaY.tacy fbel Thiel fbgy,
h t 3 2 ICl\CB.{dnﬁH,fdt%hlzal‘\'a}l

(‘J(d-()lG)I:Q, SL-Z;CO( G is 3, dzﬂwt SC?WW\CQ (3,3‘3‘2,1.2,2,|.o) .W
V

M(.(.\=chd5 ( N[o\'e]:iq‘buctd.e‘gs (A(Sa‘=& 18(6)=O NL\QJ& }g'%\&

1.9 Rewosl |

A grafﬁg can be conscclered @s o sef V #ofj&er witl @

bénaf(tj h&(a(—.bq E on V whid, s S(ymme#:'c cndf /'rn:f/z,)n'vg_



l\o ’Degcn‘\\\cm QN °c G)to.p‘ns\

D) l{, G=(Vi€) ond e RQ\O@: € ol a sek OQ otdered fo\irs/

Hon we cal G a Adirecked %wﬁh.o‘— &\%mga..
o N(G) = oo db

a//y_g_/z. d E (C’)\ = f(ﬁ \5). (a \C—\. (Q\d\\, (d@\, (d;C\S

&_:

2) l(_ G=(V,E) ond Wwe wg@ac:. t 'mé oy Nu\“.szf\-"l\eve.\.}ows of

Ha sowe clements ove dush .\%uu‘s\r\cé\, +Hen we ca\\ G a
o —
E=[faky, fley,tocd fb.cyf

mu.\R%ro.Qu. _i;_)i o\./(\\ .

a) l‘ G=(VE) anmd we exlend € ba&\\oer\a [Oo‘ss (we ca\\

G, o escudp %mgf.«- Ex E=§fawk), ibd\},Ce\c], [4dlYy .

b
=X |
/o
& (<
O
L) 1§ we Now our edges to 3e ax\o:\«:ra seks of verkes inslead,

ol; 2-<.\e.«\u\koxa Ones, We Ca\\ & oo {"{Q""%“\?L"

-E/)v_l E = {{QEL { R\‘B\O\B . ib\c \‘-‘*E. {C\d‘lih .
613

(.| So‘-\-N‘ﬂ

In Hues  lectue, pnfess obheswise sloted, b“ o %mgh We

meown G Q;«ch. $an?\¢ %to.?k‘ w\\H& ‘Vl 2],



[-(2 'Dc@tnc:\\‘of\

"~ The Covneld-c %vaeh K, ‘;{io( n=1 is $la %ra?k QOns(sL'V\%
oﬂ N veckegs sudh ook Ou/\a Yo verhces oxe edio;cer\‘l- :
C-to V\ V\‘L V\% KL‘ Kb‘

- A1V R

- The em(*% %tqgla En s+l 8fa‘oc\ chsf.sL,‘ng o/ N verkces Snd

-

no szax.s, «g- & Ea ts Eo

/NT-ERH E220 -2o min
\\) | lludkate Your %ivu\ Scenari0 (W q am(L.D,_Lerm¢ne Sc2e,
Otdec|degree seguence,; Al and §(G).Compare 1Bl and sumof degras.
2) Focmulobe Os many Hheorm> Obout Comdele grapls e \gou con.
@ Vconsts¥s eg o\ sludents o@ g rouQs A-lga,ndc. Steclenks
X ond y ace connected, (f -Hnua share o common (Aradic) letler
¢ Hade Resl noma -
@ Veonsists o o\ students o grues BCondD o Stuclenbs
X and @ e connecked\, © t -an.% bove otended Hae same course
(scoe Fme % section) Helore Haus tecm .
@ Vconsists e@ o\ zludents o@ areues &Dand E.. Stuclenbs
X ond y ase connected, (f -an% share o common dec\ovech maor,
@ Veonsists Qg o\ studeants o@ @cugsb,éoma(A- . Steclenks
X and ¢ ore connecked, (f Hhey come Qo e same cily endh distack

@ Vcov\s\‘.s{-s 0@ o\ sludents o@ g oues €A nd2 . Stuclenks
X and @ e conneched\, e -l—hua offend mo  Han one Common

Couse s becm .



[12The Hrondshalkiog Lemma

[ G=(ne) is aarq‘p&, toen
ﬁde_%(ﬂ = 2IE\. &)

vel

:Prcxb.c

(e proceed ‘on wnduckon on h:= €]
Nn=0: ’-ﬁ IEl=0, +lan dea(v)=0 -for ama ve |/ ihevice c.lo.o.rld.

0= Sidegtv) = 21E1=0.

vev

nronel; Assame. (%) lolds Qor ong G'=(V'.E') wHe [E'l=n (1.1.) andf
Considar G =(VE) witk IE(=n+ (21) O'W'“'U‘ Lek ee €
arlm'kwu ond considar G'=(V, E\ich). Then, if c=uv,
wegel IE(e0I= | @ 1+l awd
deg) = g\ ond deglv) = oheg (WIH1, whemce

2LIE@)I= 2IE@)) 2

sty HOEDS )
We . LAY da3lv)
Aaa\ \ f%.ﬁ’;\—\ o
2.0 D\eaca(k)\ X d!a(‘\k\'\\ '\dq_%(u\-\\
(A)‘V \i‘hw‘g

& dag (D) | 0> desded. ®

WJeV

1}

[y Cc)to\\ox:_»\
ulw\a %@oeb. G flos on ven Y\umbq,;r OQ_ vexr Nees og ocdch

O\EC&NQ_ .



|- lg Co\‘o\\o.ii

TFoc oy %Vqﬁb\ G=W.€) we bove

e\

(G & ’LE\ < A&).
Peoe P
&
VI (@) = £a(a) ¢ &Ldeals) ¢ BAWE = WDa)
vev Vev vev
N3
2 1lel |
\g!

D SE) £2 =AW as Clexsrad\ .

lf_ lal =22, Haen G contoins OF leart two vertices o( He
Some 0\{(&@&.

f‘PvOe,Q,

12 G has two vertices of d&%ce.e 0 4+hen We o Jone |
Oflhesunge , We Ty OSSume. ok & lLog none. l(— lCl =w,

end VEy, Hhen 1€ de%(v\s n-l . Pole Haak His leaves us
W -1 Anoices QX_ de&v@.&\ J{oc ') N\Qv\é M Qlerent yerhces.
lfH.w:.c‘ ok ok 4twe vexrkices must love bhe same de%re.e, )

[ 17 Rermack

The ayva e 0,‘(, #\Ouahf is called He ‘oégtoq lole ‘ofmcl'()le.
H, Hee wre n mema ‘:Fazcms wané:/\a -Io_/'CL inte n-f mang
loles, e ot legst oo 07[ Hem love Lo cudd|e up tn e

Same Lole .



- Y8 De Qiothon

1) The PO'HA D is H»ogra‘ob on h verhces vi,..., Vi ot Hie Cdﬂ" set
E (T = $vivg | [cienl,ie @n is e presented b{j Ha d\‘aamm
Vi Va Yy v‘.---"-v::,:\

2) The c,aclc Cn the grapl o1 N verhces with +le edge sel
E(af\\ = {V.'V.‘ﬁ \ leic V\}\U {VnV.‘S. ‘Ea

z ¢ s Vg & o‘/z
.

Vs* V2
S °\/\,(

—

3) LQL G7=(|/.E) be Cn Qrﬁ('/"ﬁr(j Jf‘?f‘l. TAQ con,‘g/emem( Q
Oof G s Ha 3mr(" G=(Vi€) where

E=fur laweV, uvg €L,
f.g_ v, v

v, _ L
G Len G is \
.VL' /. Vlo
Va ',,&
'la( ng[llhl.pa")

We call a araP‘A G Pc’julcu’ :'][ Cma 00[ rts verhces “as /’lu.sam{
dpﬂreo_- [ Hais olegree i< r, We Say flat G s r-regular.
lzlozema('cs

i) 0"8(4‘9&_ G « fﬁJu(ar t)f# 5(6)=4(6).
u) Ko s (.h-')-‘fgulﬂr cnol €n s O-mgu(am.
w) A r‘-l‘c’gular &faft« c’cf Goler N bag ihf mahc7 30{315.

.21 EKQMFI(/
The 6"3‘?‘« below < L’“’f’ﬁl«la;— 0][ orcler 6 .




[ Sungme

Thee owe ta (Aa“s N N"\IJA one. am()b. can be (DQF(* c>€

OL\'\OH»Q.r &?O-QL. .
.22 DeLinbion

N gropl t s colled o subgrogle ®Q some ameh G, wie
k=6, if V)< V(G) and £(#)< £(6). (possbly afler
/aje//cncj tle vectices €n 6). We also sa 9 that G confacas K.

2) If Heg, we say that His an induced subgrapl.of 6,

wike W26, it E(H) =Lure £@) luve VR,

[23 Pemack

) #< G is crduced f for ang froo verticas cn 't we Gaye:
I +hey are ao(q'acené cn G Han M.za are. cetljacent (n K.

) Ewo% ndmCed Subo&quk,\ s o suloquagle Huk not vice yersa.

W) l& G ica %V&Q\A andh SEVE), Han Hewr < Of\ktaﬁng
L,A.Aceo\m\o@og\,\ k£6 e Vecdec sek S e V(H)=S,
we dendle Huis gragh hé& 48> end o\ W Hua sdsarogh

Og Cﬂ LﬂC\U\(’eé\\OQ S .



|- 24 Exarple

Comstder & qiven 05 u@d
Tlhen .
s i ¢ b f. f s i 5
KK XD X
¢ q
f 1 f ¥ 2 : _ ,

b

o VX S

\nduc el x J x J x
18 Walks tn Groghs

.28 OQ%\DLHQQ

J- (v.Vu.\- wal 1na QV:.@\,\ (s &&e;(,mcp, (Dg Veshices (\/o\\l‘.-l\/y_\ st

ana&—wo conseCubive yechces \f; andl Vs, Ore Gdyacent . We all He
@ges 2.0V S e edgay of Hua wall . Ne say Hrat e
wole is Closed 1€ =y, - The lenghe 60 awalle is He number o
edops iad county ng repthion. Here tle lengl ox k.

[26 DelinNon

He dts\:\f\%m& He €o\\0ubm<as +“C& °€ Lot

-k fod is o ol whose CAQes Qe potniatse dtghinck .

- cuand is o Aosed el whos @ edges 0% B i shinck.
-4 pode isa woll wWhose verbices ore diskinct.

- ok cycle s closed wolle (v, - Vi V) Wik k=7 and

Whose. Veriees \, Ve ave pavwise dshinck



2% Examg\&

C

e
Consider G wia 0\@ Give exmels -€e>rq

b a
- walk (égglc\,_d_\g.a\ - closed wall. (bheekd e)
do.-olle | \enga & e-closed wallk, lengtl 6
- [atl ([@.cokee) - Circuwlt (dtg\a‘k._c_.eA\
de - koi\ \\enath 5 d-Clreut, bengt. 6
- Pﬂ'\h (d\co\‘qe.\ - C—\-QC\& ‘d\C\Q;‘Q‘d\
Oe-pokla lenpila d-cycle lengtn €

INT ERHEZ2D ~ 16 i

) Doty +he \[enn —'D\‘o\%coom c&esccz.lotr\% Hae
te\eNon bekween:

Fodls, finde cequances of yertices pols,

closed wolles, C(ones‘ wolls and. Clrauits.

2\ Conscder Hne %mgk G below . Ploce Ha
ch,wmca below WMo s d&mi?&m-

8= (g\dilo\c.o\.b‘%\ Clrcuit

. LN,
C? = V‘ 3.7 (a\C\Q\C\O‘\d\ Wole
N

SS: (O\‘O\C\O\\ %de—
so= (b@cbd) kel sg=(ficame)  robbing

5,7 dgbacfie) i 537 (gd fieidg o g) dadolle



l 28 Lemma

If Serz2  Hen 6 Contains a Cyd({ as a Supgrapk.

Preof

Let p= (i) pe @ pake in G of maximal fengh..
This exishs,os G is fncfe- Fucker, 0s 8(E) 22, we gef £ 23
As deg(v)= 6(6)2 2, v, bas of lcast fwe neighpors One of
Hlem 2 v, . Led ws denk Hoe obar one by . [ wrv: for

all 12ict, Hen F-‘-(Q{,(/‘,‘VU.-,VG_) (s Skl a paf& anol O/
greoder /cwgf& Heon P Conr(fw&'aé'mi aur Cssumphons.
l/em,, u=Vy, /0( some lecel., Byt Hon Ho segquenie

(Vo‘ Ve Vi =i, Vo) 'S 'HAQ dbSl“N’O( CJ&(C 544%//0(()& 0/ é

1-20( Corol(a/,q (Cov,Lro‘posLLiva\

l{ G does nol Conticn QM@ c‘.gc/es, Heon 5@6) <1,

[ 26 Theorenn

EVQ(Z] uy walk in o 8(&{)‘\ Cof)-la()'ls a av—‘oa!&.

Ne FmaceecA bb Svércnj induckion on e /emﬂ%t nzlof te pole.
(@ w=l. l.( Hag Lv-wall 1's a( /4::/)946\ O | “han l][ ('3 eXactly

() 1 whichs (s ako a PO(‘(’(A.



IS Assuma every ue-wall sf leogfin a# most n2 confains & uv- path. (1M, >
Fssume thore s ¢ L~ Wall w= (U=Wo ki \ W2~ Wi ) Wy =V) °ll
(emg#b nel. (/ Ois a(reada a Fa/&, we cue dowe . OHarwise
Hare ove i ( sf. 0sicgent ond W;=wg. Bud Huen

Hie walle iJ whick arises fiom w bU dddmg Hag Verhces
Wist =1 Wiy W 18 7 (U= o, Wi, Wi Wist W =v) is shill
a uv-woalk, buf of leﬂa"'(k at most n. ’Ms(.rg LY., we

know +hat @ conlains a vV-.oq%u Whence also W

contains (Ha same) wv- patl. =

| 6 Conneck V%

L2 'De%m Jd~on

U(' %CG?L\ \S Conneced ig Yuete Rxisls an (‘.A\/~e°\w e G €or

Gx\& verces Uwe V(&) Odneruise, (ks colled disconnecked .

\ﬁ\—u\‘do\‘\

A qroo\ is connecked (( o could Plct N U QJ\Hre.l% h‘Q \.\‘*A
&{Gu\% one Verlex. [ I+ x not connecked \Haan tle sularaple
wow €84 Mook Wouy ts called & Conne cled Compenent.

[ 32 Delinikon

A Conneched coonnen\— og & is o. maximal\ confeched\
induCed Sukamvb. OQ G. le. C£4 (s e connected Comeoth\"

lﬁf i) Cis comected. andh &) far Qny Ve V(@ \ V() Ha induced|
Subqrel ©n VIO Sv] is not Connecked..



132 Qemmarle

G s comnected QQQ & bos ?-kod—kQ one connec ‘e Com pomw\\-.

g\/w Omonﬁ Conmccle&/ ﬁ/@fézs,%%(f d/zk/%ewmi &Ve/& 5/ ﬁay

COV)MCC/Pd- 5g MQ ﬁm{ph \/\g 'é% \(‘fé—a\%k wmore Ccmmec(rm{
Faan Mg 3rag>(/k 1>-<’\. - erdw e Qrom(%deSC < be 4lis

U/\Jm\\\‘omwe need. Mo nelabBons

[ PDQ,Q\\I\\&R@V\ (\/@V(PX and. Ec\ge Delebion)

Leh G e ac&m@h\ SSNe.omd T .
) @)g -8 e dence Yo %YQ(D\A Qrisingy %csm Q \Q&Q vewxou\f\(oj
@xom Ve q\\ \)exk“\Ce> in S o\ M&\cld@!@ ecﬂ%e&.

2) \@ C=3vY = one vecte, we also wte G- V_?Q( G-{uvy.

13 (&8 C’W “T we Aenete ae QVQ@\A O«td,h% @gom G th \reW\o\)\f\ﬁ
GH\A\\/L\Q ec&%ps cn Ly bl,& ne Jechces.

N o T= AN o«/\\am edge ( e o\o oeihe G- for G-1Y.

125 Example

Consler & oxa %Q\Jenr\ k)&\ow.@oke Lo G Cy\\&Q 6ag one.
Conne cled Com(bo(ﬁe(\lr,




Then  G-4 is Qe * 4. and faes L connecleek

TQ . Com eonetr\\-s.
The Jeclex d s coled o cul veslex.
c

Fuctec, G—Z«a\-@s G . o llealse as 2 connected

o 4
b comgovxew\kr&.
The seb 36.6\3 ts caled o cult se.
S

—/':ur#&.ef, G-ab s N e\ *q uch&O.;_ﬂ\Uc bas A

L - Connected cow @onenl—s.
We co\ M eo\%e ab o ]oci(i%.

[ 26 De @m%m

Leks G 4e o graph.
D We col\ ve Vs oo Cub ueslkes l\€ 6-v las trore Connecked Cornponents
Haon G ika\% .
W) We coll e€&q o kidge il G-e los more conneckedh companents
tha G ihealf-
w) We call Vg o cud sek if; G-S s Sisconnecked.

V) A connecled g(c((Pb\ Wat O does ek contodn Cméf) cul et es

ts cole A non-se paalle .

[ 22 @1[73@' \/O(#OVL

D/f G i< comecled Haon vis o cul vecfex cof G ’/d/ vy (s a cuf Sef.
Z)TL\Q verkeX /s 0 cul Ver fex (‘q%ﬁ Hare ave vexh s u&w\dm,d\tgkwtﬂ*

{@comw sk evesy Mw-QOJru uses V.

35 A %QQQ"\ das no cuk seks e@ Lig o CQM@(OJ«{ %VQPL\ (H(AB



| 38 Definihon
T o ron—CO/n(p/de gopl 6, ve oleftne ils c:onnecﬁ(/t% k(G)

0s He mancmal scze %f a cut set. Foc Fn we sck (&)= n-l.

INTEEL M EZ2O

[) Considar e qrapl 6 Helow Fond all  cul veriegs, bridges,

cud seds Wi do wab conbain praper cul sulas aks. andh k().
b

3, <
o T A d,e.q, Il eq g
— o oL
= ° , S=1dy, feb 1), £y, 20,0,
8 el » ? ‘\/V\ ZQMB
c 'ﬁ ot

) s Muase Cmq LN\QQC.‘V an d@ﬂ(\D on hether of nek U can he
% culd veskexZ

2) lg S'e acw se\ wadu does wok Coploan e propes
cuk subsek Wk do you shsesve for 81 can Yo prove (oL
3y STNCUNEN

(29 Lernma

Iq[ G is aviensepacaple graph ouF ocdo at least R, Hen
A(6) 22 oo RVes y verfesx oe G s conkoined in c&de.

Rosf

Consider G nonseparafle with 1612 3. By difinchon (G is connecked,

ce g(g)=1.

Tost Re stow Hat S(6) 22, Gfterwise, we bave §(G1=1 e Hwix i

some Verlex v st dgl) = 1. Lel w e Hie Unigua neghpor of v and
W any oler veckex of & (whidk exists as 16/ 23). Tlan Clearly any

vu—()aﬁa must Lse He UVu‘gb\a maﬁh;(;of " o( vimwhence . s & cud peclex
Tlis conkodicls He v/czuﬁ Hal 6 s z‘nSe‘o@raﬁle, lene, S(6)22,as

daS(PFO( . * o W
(P(\ CA‘UU\'C e o
Y ("

€



Now , consider ve g oxtoikana, Ne wonk Lo slow Uk uis conlaned th o
CQC\e in G, ds 8(6)z2, v bas ot least 2 mei%‘nbors,sq& w ond W.
ds G is nonse‘oomﬁle, G-v < sk conneckd . n PQTHQL«(QF,M
<o uw- padle (U=ko ki ikeia k=) D0 G-v. Bub Hen fae ol

(ko =Ui X1y 4 K =0V x21) is e desireoh cucle canLoLLV\Lq& V.

a

s Xz / UM\(DO\HA N
L
Dickuee : Ve :

G-v
L\J‘ YZ-\ @
[ Lo De @\m’,‘f‘\Oﬁ

We say HatG s [ -connecled| qu kK(G)Y =2k, ie. f‘f’ G és connecled and

G.~S is ghll conneched (o Qg S<SVq with [sich.

LUl Lermmon

The FD(/CJI/\) "mﬂ bold -
') G is connectecl ’foﬂ k(g)21.

2) G is 1-connecked L‘HJ G ts cannec k.

2) & (s 2-connecked '\@ G < Conneckerk and has no cul yerhes.

L) G is 2-Connecked ! G s non-Se 9g¢o§le.

$) \g Gis 2- cannecked, Llan & Canlaing of \east one Cycle,
(= 1G122)

6) 1 G is Leconneched, Yan @ is |- conneakedt foc all {<¢.

7) 16 > (&)

8) k(1 (&),
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N-6) ave <08y chgeralions —\se,ﬁga Koo lQQ QoL sl yes.

B I 6=Fa ) Hen 161=n > n-1= k(6). Orerivtse (@ssume kG)= (i

ex. SC\, st [SI=L omd. G-S is disconnected. Foc G-S io be

oisconnected, it musk contoin ak leost 2 verhces | Whonce

16l = ISI+ 2. =« (6Y+2 > k(&).

%) dasume k(G > E(6) ond el vely sk Jag(v) = $G).  Male Huat
181 > w(6) > &(e) =1, whence G-DW) Conloins ok leas! one

Veclex besides 6. Bud Ghearly, G-\ fs disconneciedt (as dag(un =0
Hece, N (s a cud sebk and W (@) € [N = 6‘(6\(000ke.o\xc,\»\,8 Ha

|. 2 Bi(cor tile G)FO!IDCLS

| L2 Defcnclon

A groph & (s colled: \Q(\;ud-(\r?_ 1£ we con Partiheon e vertex get
Vé, Lato tap disjpent seks = XUV st every edqe of G

os one end Jectex Cn X &nd Mo @0 in y
[ L2 Ex ample—

Constder ° We con Por\—(\-;om tHha vetices of &
Q L= / . Lo . ]
2 o 4 into two ks via Xy ® X ey,
. K:i)‘.l\(mX?}Q \ 3. ..
N e
%:i‘ﬁu\ﬁz\\ﬁa:\au'\a, .xa %3

Qec,«rm%cn%m (zosLHOn oQ_ tha Vechices males (\: clear Unalh

o %

& lipactile : 01" .'._L O_Y‘ We See Hnar thest ose no
| ' ed\cap bekween oy bwo verhces
® @ o o

A



|.ku Yenracle

‘Fo\\ow‘m% e adpue e se= Lok agolk G ts ‘oi@CKH e
igo«\c\ ony LQ e can color the Verhces og S Wity too
Co\ors sd - Hhe end yexNces QQ eacin edae bove A ~t
Ao |

LS D= %wcko‘f\

lek mine Z+. The Comglele bigachie Qg K
s M ipachre qraQl it X =T e VW E Wy 1,
VemXUY ond Ee>fxy e x, ey

| 46 Emmp/e_

Deow o' seme e,x&mg\es of Comq:vlelﬁ loi @i te.

o |
< % S

\Al\s \/\L\‘Z \K%l%

The Qo\mco% Hoeowemn &€\Q3 ws Aeciche
Anelthas o not o qen quagh is bigadle.

| Ql Theorer

A graph is bifor\-l\i ]C‘Q & does net contacna cdol Cade-i-
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> Assume G s b eorH‘cc andh neverklre less Mure s o cucle

Oe Odl(‘)\ \QV\%{’(’\ \SQ& (Xblk((xbrw KzL (XN_H :xo\ . (b&
P@mar‘t lLk‘-k, e Con Co\a\ \/Q [N bose coloes . ClI ond. C2 .
S~x~- O&SOCenJr vechces Kade th&QfU\Xr Co\oxs. T\:\ev\, lﬁ

ko bos co\oc Cl | x tas cdoe 2 whrence x, oS color CL.
el (f i lsevey
Cz (‘Q ¢ % add .
fo\\u,y%k\\a\ \ogien Me vedkex X7, - 3houd, bowe

Twot \/\X’Du\z) We Cee k’Q/\O\.‘( w oG ( 6@ 'S (< 2{

coloc C\ G C\or (2 ok Y\ae Some Rme , waida (s
o Con G LRon -

(E" Now onsidier Yook G does nob contain odok cycles.
We L\ show Haal G i \o‘\@ar\-«'\e (mé Qto\,tdcn% o (-txv‘r;\—ton_
We tray assume Paod G s connecked O obnectitse
We wode Compenent Per CompPohent.

Pide veNg cm\oi\—icmﬁ and de Rine
Y= we\Ne | Fhe s\iorkest Ve (’QH*\ bas even kev\%Jr(,J; ond,
V=% weNe | e shoctest yw @M hos odd \ewﬁ%& .
Cleocly, X 00d \ cwr dusioink . We W\ Show Hhak
Paece. o5t 0o Qé\&&cevﬂ Vexces un X of % m&\()ecz\{\l d&_



J,Lmz,n% goc o contadickon, Osswme +hat Hee awe Verhces
0. WX Wnda ase adyocent, Cleady, O %V es obernice
e shooctest yW,-eodh wos ""‘“’“A uw, of \Qn%(/\,\_ 1. Somlady,
LV Lete v (voyo X %z 00) ondh Qerlulipuyie = w2)
be W ghostesk vuroandh ywes Qabnes .

SuQQose_ ok X = U Por Some O<ic2k ond Oyl

\€ ey Man (V= %o X10 KWy ar o YaemWe) i & v, pakla
Shoctec Yaan @z O Conkoeduicion . SCML(&(\\Q, 840 s (Lm(:oss(lole,
Whenc2 1=y, Whenever Xi=Qg-

Wow . Qide Yur \ocgesh L ¢l Xi=Yi- s Ko =V = Yo Sudn

On C w\\uom,mg axighs TThea wWe obtain He gg\\gufun%

cpte €= (Mswf%zu (QLL-\"'l‘Q.'w"M"*D-

Tk -\ 1 2~ ¢
This it @ cyde 08 Quand Pr Werk POMUS Conol & Wos Mo ma)
Si-x,‘:a&;. Future, e (,U\%\M bg Cc is odd , os Ck equals
(2k-V+1+2e-) = 20+t -0)4L

Thes conNadkidhs our ossum phion Hhat G does nof Con.
Locn cdol cycles. We bonce Provec Hhak no fwo verhices

W oand W, fem X Can bhe odocent .

The OL(CQ(»anLs gor Vv €Rovs Ow\aloacu& (MQ{-O wede Ck doa/\)

This Concludes Hre (3(06(? . =



|8 Grapa /$omorp&(5ms
In Examcle_ LY, we reoroingech e g len graph

| K2 X2 X,
“o ® X, ey, _ rAA
G= o * os G
4 o @ Y32 e o o o
X2 \.&q\ﬁb "61 ﬁ\

We undershond G ond G 0 Fhe gome, cuen \/\«ou%\n on He

Gicsh alomce, My Vool very similor - Anobuer txomple os

fi 1

%i\;tn‘o ¢ 1 .;
S G= || Gnd. M= |

i
g h

We conn ©oleeh tue Neshices 0 G via am il bm2 e 8din 3,

6

eHF ik o 6and L5 aatk okiown B The aim o} s
Se@‘r\Gﬁ S ‘o QO\("\Q\\VSQ H«,QS Co(\CQQE .

| 48 De Qunition

We Soy Hrar o Qo G i (somorplic to e qroph W 1@
Prese 2xashs o lsigeciion ¢ Vg >Vy sb. for any UveVg we Love
bha- Lule By 1§ o ol& i f TXWIfMY € Ew . Then Hie map
{ = @lled an rsemorpblism.Ond we wrile G|
.49 Pemaclk-
le€ GZH vie t-Veoly Then the 1‘.Dollowi/v-% lold.

') Vel =lVu\ and [Egl= £l and CZH .
2\ The Olegree Sequence of G egquals Fhe deqrec Sequence 0{ K.
3) G is Connecled QR W is connecked .

L) d\eg(\’\ = d\o.g (¢ (o 3 ox o\ velg, .
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(Do Lave o nalaraz unc(arsécma&'og 00[ He 'dislanc”
befween two obsccks cn our (D(AQSC‘CQ/ space.. Bt Hereare

man@ otte waa_c of de.[c,‘nc'ng cistances. & 9 Az drsfance
between to PQOF/C Core he Ha FOSC;A‘VQ Oft%érewcz 07[ Fleic

{)/\(I’Lt (d{Ct‘r_S o v%.a, MMﬁer C)7£ Q?/uah#ancm gou need 1(O
Conneck one 4o He ofter.

(0 #is c,hQ/aler we. il (nkoduce a notion of distane
0/[ verbices in o 8(‘&/)(1 ., Buf ]L,-(%,é lef us nofe what are

. CJ/uaracle/c‘sc;ng /Droperé'e; tal make wus cell
ell Hese CoanpL\ ‘Neslances ”

2. De £inlhon

Lot X be anyset We call & fanotion d: XX = R yid
o mekic. /./f [+ SQA‘&#"GS:{O( all xlad,ae X -

mdm@éo o

<
2) dly) =0 it} =y ,j
2) ol(xus\ = Ay X ) x 3

J
L\\ 9\(3‘\2\ = d(Y ,lﬁ\ -':Ok(t& %\ T( Lox\%(e_ (n eq,b@x\\.\"%

We- 1«\(\@0 co\ M o (X e Pnelic Spece .



2. 2LEvom (‘D\e,

Consider X=0 owd d-RxR-> ®’° Vi oo

d(Y\c@ﬂ lx-‘al. Then (B,0) s a mekic spoace .
Vol We oxe vead% ‘Yo deline o mewic on OJ\Q.r\a-tROJQCQco.Q(&.

L0 Definibion

Lebe & e oy Aol ond Uy €Vg. We deling Hue
Adstance dluw)  behneen  ond v os Ha (equ\-(« ol
Hae shoctes: my-pariin G, e
Aluw) = \‘V\Cr\{&w\%%\(e\ \? °S o Wy -podnly
[} Yuere is ho such pati, We geb dltwv):= oo.
DL dluw) =k, Hen Gy v~ podia of lena‘»{,\ L s alled

Cn %e_oo\as{c,.

2 U Vemosl

N We oA wicle d%mw) en\gbcaize Hiel~ pe Consider

e distance n &.
2) Wrdle ia(®d) @eodetics axe wnigue , (N giwel s &
net o cose. Conscdar @r e.xoumela Lo otofosc;(e
Poles on o splar .

3\) d(h@ = Qe T@Q xomo( W O+ On d'\feﬁﬂ’-ﬂ‘( conpeckec cam ()onenl.s.

) (G & @ wmelac SEote QQ(' oy Conneced O&agu G .



We coll S@\‘f\ej(()i\vx% ecc enyic \\g W o ay (ﬁom e usual.
SLm'\\o.r\é& " %m\sg\p We e os (e (oQ ece e(\\Jicl\Q- Low eo.r on Vertey
Us ‘%om W cewnlee. Considoc Yo €c>\' 0% nehions oo o

— oA s

— QPedplhec w
o C(—%@ﬁ\fr

——— dlownwalec

Q@,\e :

- g/:\)e%\nl}r\cﬁ
N The ecce,w\P\‘c\&Q eccCy) Og o Veckey U g ks %readesl-

distence Yo oy sMiec Veshex, (e - eacu) = max fd(uw) U evyly.
N The codius 0d (&) ¢ fUe swallest poksihle ecco,n(N\‘(,LL&Qm\{,(Ag—

é@QmC\ﬁ( Ao (&) e K (,0(6(5\' PoSS[/ble ZCCQn\V\'C'L‘((Q.
D The cener CLA) iskue et TveUs| ecclil=tod(a)'y ende

oo 9(,?\«9\@( N PR is W sek Lvelg | eccl) = diom(.ﬁ\l ,

26 E xample_

VU VavVay vy v
G C—a _ 4 _ A

l\' COOSLM @g e ?O\P(.\ O«K_ \Q“%\,Q,\LQ e .

Then dvivi) = -\ | whenca ecclv, ) = "\MSJ}J\%.L.’E; = L.
A W) = V-2 phene eccw, = Mo L0 11231 =3
d Cva i) = 1i-30  whence eccly, ) s meax§2, Loy =2
Alvy i) = Li-uloden ce ecclvy) =mox £ 220000 =3
A lvgvid= Li=5\ nhence cechvy=moxiu 3,20 =G .

Yenca_ co-v)\((gs) = er\{cccm \WeVY=min 3L.3,2.3,Lh=q .
Hso @ (A =z\/6 v eCCL\J\):rad\(@S\B = SN, 4.
Tuc Haer dloen ((Pb_\ = max 2 eccl\) v é\J\l—‘mo;xiL\\‘S.L’auLtza = .

o P(@A=2VeV\ ecdd ) =ohtomn (§5) = Lo Vi y -



2) Constdar 57 Tyt Cucllk of fengl 6,

v VL
|2, G):—/ VD V3
Vs

Thet Ao W) =343 -t i ecclunzmond o), 22,2, 1 0=3
d(\:\\v;\ :\?3 -\n- L\‘ ecclv)= tmex % |0, V2, 249=3%
Alvzwn=\2-\e-i} Lecclul=vwox§ 2.1, 001, 2 R
Alva vid=l2- Ll 1 ecclua)l=mox? 2,201,001, 21 =3

A (vuwvi )= VB -] ceelvy Yemox 2 2,3, 2, Loy Y =2

A (vgwi) = Va-l2-illfeclug)=max g L2, 3,2, L\, 0o} =3
tance | o &E)sminfecc (ID\WWEUa™ = min 3,33, 32,34=2
Wance. CLE=2veVal cccly) = vadie) Y = Ve -

Fuchlar | Ao (G =mox Leccdlvele »mox 233323 34 = 3.

and T (&)= FueVe | ecc (V) sdtam ey = Ve, -

T Tid rod(6), domle), ) and 26) of He /(;//GMW .

60w )Gk
T Congidlec Fend -

- d(‘o.C\, d(hb,» ) d (CLVV\\

- eccly) Qor ol ye Vg

L

- cod @) diam (G, @), P&,




2. 1 Lemmal
Tor cng geo G we bave rod(@ < diam(G)E D wd (),

Feolf
We  lave oA (e & diom () lo& d«ze\n&ﬂ‘aﬂ_for e Muer
{),\@((Ao\\l‘r&\ Pide ve U@ odbikory.ond considur wmuw €Ve,
Ocbdiay st dluw) = dam (&), Then

A €l v) + Al w) £ eccl) 4 eccl) = 2L rod (@), &

2.3 Theowm

E\tﬁ% %\C&Q’\ G s ‘\SOW\Q \o Ma %\0@\,\ wdamc Ak (OQ'\—{ILQ I\ e
0 anctuar QA ie. x. ek, G = LW,
’Rbog_
Lek G he adpikoyy. We pucld ones groph # wlich contacas

G o< an ppluc e §1Abm(’(" via: V= Ve Uty ey ,i~e~ao/0(c'/zj
L e verhees fo 6. Fuctler | b £, :EQinaeE O Exv, VY lvery,

Ce. H: M.M@\\\%N%
S\

Now ecclv =X {o =y VeV - Veverbheless, d(2 V=4 and

Ak =dlg = 2 hence ecclwd> 2L for o\ weu> g Thus,

0d (=2 owd  ClH) =V whence (W ¢, |



L 3 LlemmaC
4 gropt G is isomorplic fo (feo gro(,'o& ndluced éy/
The peri(p&e/ﬂ of anctler grpt # /// eHlar every
verlex bas eccw)/ﬂ‘c{%ﬂ 1 o no veclek does

Aoof

u:>‘/ [’\]Q use Qfdbg %& COQL{Q?%\&\\CJQ : J‘(SSL/LW ex.’me \/G) Q,'L .

ecc(u) =1 cdiam (6). (n parkiculor G + P@). D%\Oimlr\& for
o conkodickon, Qssume ex. W sb GLH# and  PH) =Us .

As G W& [we ko Hal H+G.ond doom (i) 22 -

de e le=W) (HMere s some weVy st dluw)=clcam (i),
Bk Hen, wePV andl as ecc(a) =7, we also gef
dlyw) = L2oliom@) Y. Hene, AU cannst he .

& /f ol Jertces D G Lowe cccw(«‘\cl(»a L oc O Hen@ s Conﬂek
ond & ZR&) . For Hae gecond. cose Gssume ad(6)5 7
ol considoc Y ob- V=V 5rs confeivs one new
Verfex which (s connecked Ho 6(/9/(?@% @&e, e \/oé G
Fy= LU §vx lke Ul Thenas el > 2 foc all ke,

ecelK) = Hence, deom( ) =2 and

LPIW)S =6, o< Asired -




We saw Heo Visual ﬁeﬁe%&% of 540{7&51 g’mpég 5(7 Hoir
dagrom Teeis is Vel uSe(/ ul to jlluskote ideas cnd s!ac/j small
grapls. In agplicatiens on e cfter bard  when S#ad’deﬁ ¢ g-@@((@é'om
of weallar ploremena. or secial {inks | gropls knd Lo bave

tausondls of vechces. Vere, ik is no /onj(f prochcal Yo use neitler

Hie sed - nor g O&‘agrwn r‘(’p{Z‘S@/}J'a#cm ov/ grafus. Tle wcﬁ Compulec
Slere_ ard anaéyée grepls cs 60 us&ﬁ adjacemc(7 makices.,

2. l(_‘)/De %\(\aﬁoﬁ

Let G be o grpl 0(/ occlec . with vechces V= 1u,u i vnk
The od d'acemc((j Mokl X oqf G is Ha makix (46;(0“‘3) =

. L (¢ vy ek R _
Q/eﬂ[r)'w/ viaw &= { o 0%40.((/0?8& ‘ Ne olso iite ACig) {or Oy -

2.1 Lxample
Vy
Considar G given b@ \/1_<>_V3 . Tlen Ae;ehl-n(q,
N
©1lo0 |
A%: (Cl? ?)é 'IB (s He o«i&acwca palkix oe G.
oo
2 .[2emocl

g &= (o) s an ediocency wahicof a geeph G Hen
D 0i=0 {or o\ i =(al

7—) A s st&mw\e\ﬂc :



gl le,l g
Gij =deg(vi)  ond L § = Ddegvi) = UEL.

\ ‘ls-"

\

J

L) JQ (s on\& wn‘\%wz W ‘o moc&pt«\%m ek ces .

23 gKo«‘q@\e_
< Vi G Ol O |
Leb veutse Hig Qm@h G = 0<Daus cune (\%7((,5 ([bcl) ‘l
Vo 1y O

The eao\* Wt 4-6(2‘534—0 meons ok Uz and \a, O Qd\:\Qch(-.

ord AN =0 says Yok viond Vi ore nok. Bew conside

o010\ 2121 Let's Cﬂkr(’*—(’
o (o )
Lo (212 ). %u;va(u.gs#AZ.

Now, Ag(li3) =2 How dd e compule U
Aty = %4 O & a Now wjog =) QL VUG ond ugVa are edges
i% (viviwva) (s Qwale of lq,/\%lf(,\z,%;om Ve \o U
Hence. 1 A;(h%\ :\é"q“iq‘i% (s Yaa aumbec OQ wolles fom v to vz o@
‘(U/\QK« L. Tl qererolises ond\ provides o shon% ool (o shud Y
Qragus -

A L Theaeon

Let G be o %“QQ\A WML = Evi Uy ndh A U Co(reseondurﬁ
aouacevxc&mak\x. Then Wi e«\ka A:(;@ ts e number o posscble

wals fom v to v; cg {z«%m k.
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We ploceed ka Wwduckon on Kie pawdes L. (boe Lol =0 ol los).
o ‘f@ uv; 4 Cg WY Moere orc O Givug -walles oetwﬂéﬁl
T g vviele i Hare ts L vivgdall of leaghu 1.

k=! Pe @b Kok A(iQ) > %

kokt)  dssume Mnake  AEGE) gives emc‘c\% e aumber c{l 1V \\'-m\‘d
0f lengit woclyle: Lok's dandle M= (biy) ond b= (ay).
Vol ol Hee (s o vivy~wolk ch \Qy\%-l'\,t el @k Were ex.
0 veclext Ve st e Ts o yvg-walle of \Q«\SH« b and an Veu - ool
of langtr ore. Hrince

I{v;v;\—wq\k of lew%HA. eyl = ﬁ.\%v;\u -Walle o@ \Qv%\'b\ Ug(
| VeeNp) Yy

LI "
= &, kq_ - g: EELQCA'
£€ ) Ve, L=

h
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215 Cocc\ay (@
S

L&L Q Q)Q a 8M(P(A lA)tluA \/e‘:ivl\\h‘...UV\E OU’W( 4&, M Otd@acemcej quﬂk
Then dviy) =min 2k [AG Y +0Y .

(0—~o

(Recol Lnok A =T 5(}’,‘:\:3\ Y.
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2IE™D Q%\V\LHO‘Q

Lek G be o qroph Wikt oko\g&czmc& molix A e Qery
keN we defdne W el woliie S vion
], = _i A% = Tas Ath2+.. <t
1=Q



2L1F Dempsle

A
s SGR) = ﬂ, A GE) | We %dr Hor S G
(=0

He Wb s OQ vivg - wodles o% \U\&R« ok ot (.

Q. lg gko\mg\e_.

Vv
Reaall Ko grogh G = °/L%v3 wiba A:<?C‘.’?\'},

s 4L .
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The fo!(ow'ma Huoremn steme “p Hee émow/ea(ﬁc we acgfu:red So/ar.
LG Thecren

Lel G be Oxgmf(/u willa Vi =2u v, ...th,ao(jacemgﬁ makix & and

skell makices & . Thon +ee Vé//owdnﬁ bold.
0 dliy) is He leost b sk S, GO*0.
2) eccv)is fe leost b sk, Mo (Hi on o( ¢ fas no o epis.
D) rod (&) ts e \eodt b ok S, contadrs ab (ead one tow witeud

2e0 enkdes. or & ollorlise .

4) diom (@) ts Ho (east b st. Q. does not conlern Quy 200 enhoes.
5) G s disconnecked c(Q Sha Contoins o 2ero.

2720 Oe Q:L\(\L\%C)ﬂ

Lel & be a ok W o= Eucbn -y The islarce makix
og G s e nakix D €M 24 DGEE) rd(u:‘\)@-

22| E)(O\MP\Q.

Yu
Bode Yo cus example G= \,\<D‘ vy Vhen i

didance mokik O s (
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Z.LI_EX&W\Q\Q. (a'e o laege el - Ecdds Vuanber
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Tlen dag(ado"s) >Zoo ool W Erolds number qu s s d(Eolds (x).



The intukon (@f grap(,( Huoorekic hees (onws ﬁom
OC/L(AOLI hees (n r)on[(me_. K/ere( He S/~em 300[/15 (/)#o Several(
Promches Hioh afiecwoncls never regoin -

2 1 Deliaion
V4 8(‘&@& (,J/ud,\ does nol— Cor)vlau/L CJC(eS 's CQ/LQO( Otcﬁc(ic .

We call a 8(&()& G o tree ;{' it (s conneclech oundf
Olc(dclic : u(n arb}l(ar& acgclic 8(0‘#‘ (s Ca//ea( (€2 /med.
In o Ofooegi( any Ver fex o# degree, 1 s calleo o (eagf_

22 Cernacl

N The 3r0'()us Pn, K, Ko ond K, ,, ore bees for Ou«fj n&gd,

2) Eve,rﬂ lee s Q ]l)oresi.
2) Evexa Connecteol Com(pomnl— n a Vﬁzrc&/- s feeo.
W) Eue/rﬁ Subamfb\ od (o} /ocesl Is Q ‘f()reSL'

D3 E xample
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T s nok o kee
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24 Levama
‘\na kee o avdec ak\eosd 2 Lo ok leask *wo leayes .-

E:

LA T he o kee wMa [Tl 22 (npochedloe (T is csanected .
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Un & Wda uses o\ of g -

We co\ @ roceodle ‘\%1\ coohos o Lamelanton Qa&«(,\ anck

we. coN ¢ "omc\lkonlon '\?‘ & contodng ol R \d-ong eun C’Qde'
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Lel G be s 16122, l{ (&) 2%, Uen G ‘s Lom\honian.
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Ow'S ‘Lluorem -
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ﬂum\pex-

L.13 Defonckion
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m&¢eemxm¥ sk (I% Ny Fs0 Verhices U S ar nonadaceant .
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\@ Fi.s (0} QQ'\’(/\ [eTNo "‘b ore ko verhices en e .qu we denofe
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oud oy CT0xud e xy- pedda o C in Comnler clock pise direckon,
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\/\L\CO(\({Q&.\C);\(\% ol s

s Mence vom wae lunow Haad WENzZZ2 . ’V_XA VWiL8), we kbnow
o S(E)Y 2l 22 vhence \o'a \.3a G contoins & C,ac,\ﬁ.
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5.1 OeLinckbion

Va %ca(-su G s crled Rlanac i it Con ke drawn on o \F\Qng
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Sk Exam(‘ake_

Considar Hne P\ow\ar- re prese nrod-on
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5.9 Fock

Asspume U is e Q\o.mr rcerc&en#qﬁ.on o(l Q %(Q@'\ G with regions
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Then {0( 161=1 |6l =m and ¢ Yo number o€ (c%[c(\sbq R we bave.
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A=rtr = mtlomel =2, QS desiped .
Ohradise , @ contains of least one c&c\e ek ec TCG) be
one ed(& on Faak cﬁde.‘w\e«\ ‘caé Ofgecvaian S (o, e is
A koud for Lwo (epions Riowd By Noke Hod o G
Ha regons Tiond 2 mee dogeflor Lo o new mglen B whnee
Ge bas ew s wegion than G. Th, oy (H-we get

[G-el- [ G-el+-N=2= n-(M-Ox-\)= -+, 0 desiced., i

5.2 Recnocle

~

) Eveiy Qu‘Omg\A ol a planar qropl is p\omor.
) If &is plonar o Ris SNy rglon Fhen in Yo dnduced planar
epreseptalion for @(2) (i delbekag oW deadngs apart from Ee))
R is gkl ) reglonond B(R) its bound oy -
= 8) Tor angreqion we Lave bl@)e fOIUIN,  In pochestar, i

b =3 Hen B ZE Cs .



(.ma%i,na (Ao Won to comne ct  three bouses each to Gos c/ecln'c((‘j

onal oJakr,.s-t +la Péf)e.s dond talersect. This qa,o_w‘f‘of\ jo(:/A

dewn o o«s(:dng: < a (:\awar ﬂm()tﬂ.

This is M\r\\eS Kaa is Qso caled Hre ’L,L'\L\’\\«Q %(‘Q.QL,\.\

5.4 Thweoeewmn

The u{L\I*ﬂa 8\'0.?& Wa, s is net P(omar.

ook

o(-‘tm'm% for o conkadickion ( assume Kaa wos planor. Then t+ needed
to bave  r=lUall-lWeyl+2 = 9-6+2 =5 rgions. On the
other band as Manq is lel\aac\:l\L and thus does nat contain

odd Cyhes, every reglon bos ot leost four bounds b%

"

5
Recose 2.12,3) . Hence 2: b)) = 5.4 =20>2-3 =2y
Coh\(oddcz\"tn% Tock 5.9.

Thus, Ko Connst be plonar. [

5.1 Theotem

Let G be plonar of order ab leost . Then fGU £ 3 (lel-2) .
IurHur,fgfq,m\(if% bolds then every reglon ishounded by
uq;}(h& Haree edc&}&.

Rool

\/LSsuW\Q_ G\ CQA5CB("S oe \L conne c/\-ed Cown POV\%\-ST\"e QQ(\AO\\VOV\ Q\Q&V\\Q
Lods €or goxrcécs O HU,\\\G,\\ = \Q\-\l_ < %161 -6 \%{ 6-L g <216\ .




Otheyise | 2L and G Contadns o Ct\de . 2ecall Yol

U"\&'f’ < 21'6(?—(\) _42.,“67\\ H'C\r\c,e\ lOl.Q ‘Eu\er_s %,w\e,(‘a_\_(ga}k @oiw\.udq/

[

We cﬁe/\— c= hWGQU-\G L+ ke > WG 16152 . This %ie\ds
2UGN 2 2 Z23(1g - Lal <L), whece— 3(1al-2) = el as dested.
t&na\\u& Qor CC](t»olC\—na to bold we need\ in poch cular Hak

-
22U 6= 3¢, Whence also 3¢z _ﬂbt?ﬂ')_ Tlhws te’\)e‘“ﬁ reycon

los loound Cun dqﬂrﬁe 3 os deseced. E 1

5 .\¢ Cofo\\OJ»\

The CO‘(‘V\G\Q\-Q, %QO\QU\ Wa & Plongie v gg nely .

Dol

Fiest note Prat K, = @ Vs ekanar,&nd fene g0 are ‘s

SML:%(D.QKQ \L\. V\?_ Q“d« \L'b .

Now, for Us oy Lemma 645 weqd 1o = (s| € 3(llust-2) = 3(2) =9,

o coniadidion . Hence . Ug is nok plavec ond so s naMer of the

Kn for Nz &, 0> H&& conlain Ue os a.Subaro(PQ.

5. 1F Theoem

Iﬁ G o= Pkow\cxr. Hhan (&) £ 5.

?%gog,

N

Let G b:C&PlQ\'\Qr %ca(;u cnd Set n=I6l and m=IG//. .Amaﬁ

foc a conkadickon . assume (&) > 5 . Then cn pacticular, nzé.

(1.1%) (s45)
Then &n < ﬂ,dea(v\ =Lm e L[ -2)) = 6h- (L pields

veVe,

QA& Conlsond claon .



WNe bave seen Hyok Hhe @ ragus Kaa ood g are nok
Planar. 1€ furns oud Heok Hhese two  groges ase the tgger
Ohshuchon for any qog Yo b planar. this secBen
Ges On Dakoducken to Wumhonsti's Hneoremn . Ruk Rusl,

We ot 1O Lalloduce o new noloXon .

5.1 EKQmQ\e_

Conso&e,r q
LT e

Nete +od nelhuar Og G o W Conkaens \'(*

Or \L‘s‘\\) G &
Su\q%ro.@(«. Never Hugless | 'Hne.% ’96{'(-/\ lool so semclar
EC? Ke Haa J\"ﬁea S\\ou\é\ Not be @U’LW-

\ndeed, G arses &oen U S meto@%\’ha_ edge xz
by Tre g2 Qnde B ocilses Bom G oy wermc,lnc{)\*ha edletes

Exr,0d Y ‘o% ix\»),td?;,o\‘e‘lac\cd‘a_ Twis Pross Cs coMed

SWladluision.

5.\9 De Rlatkhon

N Lek G e aqroghand €=xye E(a). dn edge subdiviscen
o(’ e & the veQ\OLCeMeX\Jr of « L:tQQ Qinile @&H,\,«s(ku\ﬂw 22
&&u(h\\a Cn X and @nding LN -

2) Leb G ond b he Qraghs . Then B called o sulediuision

sf G 1L ¥ can ke ddtatned U/\tou%\,\ o Linche Seqhonce

og edcdz Sulodiviscans.



5.20 EKQmQ\e_S

NThe %TQQL,\S G Md fhom S8 e ed\ete SClechigisions G‘Q U
D The %cog(/\ 4 . S Nk o eckc{({ sole ANt SCon
X @ og Kg . o He edgoqe.s 5’%0@1\ were
‘ odded totber Haon \*Q?\QC,E{\% e edge
X% .
.2\ Lemnmo

. af()@/\ G @\OJ\O&‘ T(’Q e,\)Qf% sulodi ysion 0€ Q & (olomar,
(ono;g_
=" Consder o gonos rersentalion \”®€ G. [t U ba o

subdivision of G e O Cequance o{) 0=y edge.
subdivsions rere per fomed- We do Snduckon on n .
l& =0 Han H-6 & c,\eomka Q\omow.

Now osswme e roved ta cloim Qoc v and congider Y
GeAstag o G Uneugln el oy suledivisione Lk Y, Le
e 8r0«(\>(« o\risf,r\% o G e G\A%\/\ e NS Moy Sub -
divisions By L6, s flanos and & con e alotatech
fome Mo Yucouph sz,mc‘v\\Q one ed%vsv\'ockiuisiom- (ef (2
be o pavar d&c@(«b% of Ho and e= xy be W echag
Sada s subsdinided Vo ok ain {-\rSok\(,} loh weQ\aqvxa (! Ba
Hie ot 0= Oxsxorxiini=y) for k22 Lek XQ be e geodesic
lom x loy tn B Than we diawdn Mo veskex ki o . paink
X % T‘; R foc Oy ¢ Thats b\c\ds & qmvm- rRpresenta fon 0‘0
05 desived.




‘57 2.2 Coro\\oux [\
NI

lf Q contans . sukdivigion GJ Kaa o Us s a S'q&a(dp(.(,

Hen Gis nof plonar. (0c - (f 6 planar = wo sulbdivison of KeUs, €6)
5. 22 Theoem (Musalenslt's Theorem)

A %cq@\f\ is planor i@ and or\\& t( (- Boes nok confaln

a subdivision of Uya or Ks as a Subgapl: .
.2 Lemarl

The (LGH over, baud direchon s Hw back wouds clirechon, e

i/ G dpes st Conlain o Suj)di(/l‘s}on Cf/ Ko o ke Huen G s
PlGnO.ﬂ
5
i

?«:6\/4_ thak Haga Pelerspn ﬂmp(/t (s hel PLQV\Qf,

Ky No(% ol e Sv[o&(a@u
" A £ G =T ¥p X0 IKSXL\,B s asus-
C)’ - AKX v ison og s,
‘ NN \J\'\(o\,\%\/\
X1
X« ¥

Y

¥q

ngq =2 §¥§Xu\XQX3B
XQXSQ fn%a/ ng&B
X’S \(8"’7 {5(5’ ¥Ip,¥le\(z{5
Yo XQ 52X X M7 XYy

“Xg
ond Mie Qd\%Q cubOuwvisians

unel



Disclocmer

The el is aclaa/@ RIZINTY nof's/cad))g( as our [first convention
il e Hak e con undderstond dflerent colours simply as fjoent
posthve inkegers. Hnce we will use U “colaws’ 12,3, .~ crskad

of ced ploa prown ebc . isualisations can neverfteless reassociake Huaw
numbes i colours -

o-( Define hon
Lel G pe aﬁmp& A k—cO/owi,na is a funckon K: Vg =220k
for ke Zz, st M(x):l{(éj) implies xy ¢ g, ie. adjacent verfices
receive dishrct (olours We call THLL LN i Coloues 08 K. He say taal
K i€ o co(owéng o/ 6 (f i (s o k-co(owim@ for some b and e
call G L-colourable /(f Hete is a |- cdwrévg for 6.
62 PLemocks

Leb G be ony gropl

01 & is L-colowafle, Hien it is j-colourable foc any j2t.

D I K isol-cdoucrg o 6, Hen Vo= K () =tvele [ )Y s oy
nde perdent sudsel of & Lo any re %l LY.



3) Every g\ of odas n ig Aaarly n-colourable 0s foc
Vo - T vl Ue con sz dafine Ko U\Sec,‘c%ue Lesnchian
W Ve 9 212003 vie W(e)=C. ““"{j m\)ccé‘uc such /(JnCAdV; (<
C(ea/(H a cdoan;/ﬁ.
Su) Bmacks 2) ond 3) indicate Haf Ha infereshig gueshon will pe
o ol small & 54 & is b-clonrafle.

6.2 € xaw,l()/e_

Consider Pae %cqe\,{_ Cg. LelS AU lp ﬂlnd a mchimal &

V7
sd. Gis - CO{OIAbe/t-

Vs ,\A [£2
2 [} scems e need of Masd \g__;/v%
v,
3-colours. Csis 2-colowable, as Mu'. Ve, - £(,23Y
vioo K= W=t Kiw) =k vds 2 andt K(n)=2 (s q 3—co(ouc-12\7

(oc G. We glso cauld bove O'eo[ihfd K via V. =Zy, v b, Vesfnwh
QVI& V3-—{Vgh,

b L4 Rermouls

) Note Lok e/\JQ% LvCOlowLn% WK o(l G qives rcse Yo o gachion
o Vg int0 sebs W Vi Ve st no Yo verheesina Vg aus
OAI)O\C@“&' G s lence le- eeu'g\t \)o(ﬂ ok \f(‘ caulch be QW\P(B

10( Some (.

2) ds eadh i is an cotlpenclent sel, we ged L= L(%\ (),



é S ’D&—Q.L nL&O’\

The cluiematc numberz (&) Of& gra@& G is Ho Smallest+ pcs;‘fiva
L‘ﬂlfa&o’ bez, sl. ¢ i< L-coloycable .

6.6 Ex amples
) ZUGXL il G =En ic Haemply grapl forsomen.

2) Z(KV\\ =, Cs all a{{__-“u; 0\~W\O.v\8 vechces Ger (DaLrouL‘sz O\O\\S\QCQJ’\J"
3\ 7{(\&“\“\ =2 . Qs Wecon Coonr each Por\- 0{'_ Ha qu(—{ o (n ona
Co\our

L‘)./Z(e,‘)zl (’Qr n=2.

~—

2 # N (S even

(€)=
;K ¢ \ 2 o-‘-»(,u,cw‘\SC

([ )

GJ' 7 r'Z-Q\mo.((c.

0N G & |(,~co\0ura‘ol€ ‘\‘(\{_ k> Z(C—\)

D) Ll 7 (6) 2161 for any Gragh G

(&)
3) G s 2-Cdoucable 0 G s bipackife (Jf 2(6)52)
2 I Fis a foresk Man o (FV= 2.
S)IfHCSG,s Qst«‘oamq;(«&o[ G, Flent (1€ pla).
63 ®%/ LnctCon

Let niineZ, loe poschve inkegers b =|. The complele L-partite
gropl Wy oo, is Ha graph wlesce vertex el ts He disjolnt

ki (om of L~mana paitwisc disjornt sels U, .V, witt [V 1=n, and
ed9< Sed Exfuviuew vel;, i+}Y, H we donk care about

Hao Seecl(a’c vllug o{ L.we ol Luany, e COW\(Jde mulk parkive SFQ@(A.



6-4 £ xample.

The Comglel 2-enchie 8(‘&9\/\ oz (S %
We see Yok even %@c Sreall wwenbers |, Hig %‘m&)\/\ . W
(f\@'\m\\ Yo dwaw. Toc \Af\\(ll\ O e 'S \[h(‘_“w‘ e\ow\a( Z

b- o Le v,

lek G peagophovd kz1. Then G is b-colourable iff
Gis o sugophof o Complele b-parbie geapl.

Roof
| G is k- colouraple

W ex. Ke V= Sl by sf Kad=llvl=> v ¢ g
:{q[ ex. [ Vy o2l2.. LY ed K0) is aa c‘no@‘oem(. sed @r empalaJ/ofa/( ¢
f// We can Pantt./’l'()q, Ve ints af Q-Vha% inﬁ((peudq(l SefS Vi Vi (V{>¢ Gt\(owto()

i &( G is a Subﬂraf& 00/ Ko fors“omn“-.mtézr. @

Vexl e want fo  (nkoduce o 9!’320/8 a/ﬂo{&&m /ar %)/.a/mﬁ o Verfek
CO(O(M[,rﬁ o/’ o fiven graf&- Tl agou‘#«m (S move e#f'a'm/ Hean ﬁ/v"“ﬂ
euery verkx adifeent colowe, pul th does nsl always produc e g &)-colousiny

6| The Greed, uéré?orz#am
Let & ke aUnga 00/ otdec N -
) Lobel Hia vechices by i Vo
2) Fix Ho sef of awlaple colours o pe iz nd.
3) led-i=1.



W While ten
s Colowr Vi M M sonolest ava\alle Caonr ot used onm Ougy ‘#
ks preyiously coowed. neighpsus e Sk
KV =oain EL2en i\ Eltv) | <1, VeV Y

° SQ)( 1=l

Gn G)'L G”B

Gn—ccdh(\ o;\%o&\‘chm weéds C)\-c<dh6 a\%ot\‘chm weds C:n-cedlt(\ a\gm\m waéds
a 1- Co\ow\wg. a - Co\owl**%. a L~ c,o\ow‘w%,

D The Colours Used Kl eperd &@Wﬂ on He [af e/..'ng-

6. (2 Lemma

Le€ G He o 8(0[“& and K= @ co(ourifa Funchron proclucedt k)a
o @reed(j a/ﬂoréﬂcfw thf(ied te @. Then forall velly we ?&4

K(v) deafl/)-t 1.



Prcof

We do wduchkon. on 16l=n- For n=l, o{ear/U G-k, ,

and Wly) =1 = deg (v)+t 1. Now Gssume +he claim €olds
-{-por any Greple of acder at+ most r.and conscdar 6 with 161=pn+l.
Pun Ha 8meda alaord&m on & . Aflec Ha fist n rounols, we
Obfain @ "arceda " c@(cuu;/\a o]l' G = Upeer Whence
K(v) < dc%hf:/';)-tl édeg(v; H( o alld 2 Now We un Hha
last coundl ond ossign WG, ) = mea El-nENEKv) Lyje N, LY
At ozt dea(v“*\\-mm,\a clours foue heen Ured BN (ts ne,\‘tala'
bours ,Whence Omong Pl dea(vm.) | c(ea(\/h*\\ £1Y, Hore s

ok leagk one Colowe owod odyle . ds U D&Rc:tik{&m o ches Hia Smallest

G, (3 Coro“Owﬂ
AN}

For Qh@ 86Q09(4 G we Covc Z(én)(:A(éa)fl.

D(‘oof,
.A-ppla He %r::ec(é algertlum on & . Then for any vele e gt

Ky ded(t/){—l. s Al +l, whante K/ ->£l\2,--,456)+/J

and z (&) < A\ +1 .

anddqg Hee chomatic Numder 00[ O ﬁm[)& ;s Ucrg meo(ﬁam‘/
jul Comoow‘al-{onqlly bard Proplem. I cs Lnown fo be Ve - bard

an ifs hest runkme s Cn G (2") We bonce need to ca(aﬁlis&

acnc‘ ﬁocmo(s {to cﬁproa:o‘\-/f(u_ p«sf/em eU[/cc}/'UC—{g.



614 Remarle

Too ony gqeaph & we bave zEVE AN+L.
"The Hound s s\no.‘—e RN
= (k) =n = -0 s AlUka) 1L foroll ne Z¢ ound)
7 (Gy=2= 2 + - _ACGH +1T por ol odd neZ;,
- Buk e Hhere ot e_xo.m(s(e; o Loibness 4hot tHhe bGuJ\C\
s shorp e comnolbbe tm pravedV & N_O_ :
“Nele - (Anak do Cn ond Un Lowe (A cammon? ’(‘v\ea are ce%u\a(‘.

Goc) C‘J% Hats e e

£.15 Thweorern (Qroolzs‘s‘v\r\e o.M, Lab\)

l;(i G s o connected| 8rcz(7(4 whick s neder C_orn()/e,{e/
hoc onodd cycle, +hen (&) = Al&).
Ne v\ spliv e ?reag_ inte Seuers) Lemwakc. Set A& =A.

616 Ske 1L - Lemmark av A € 2

Theorem 615 Lolds foc A <2, as f 4=0  Han G= L,
cnd 1 A= e G= ke s Comelelel.wb\ﬁoh. Cs &xc\ucked.,
For A=2 eMer &) _A=2 gadk G s Qn even cycle,
Whence. (G =2 A La\ds | oc &\ =1 omdl G s <
pote sl {@\8{-(’\ at lecsh 2 . aanA\ again X(Cﬂ= 2 £A(&K)
Thus, Lem 0w 60, Consider sudn & whida SQHSQP‘Q A@E)1=23 .

6. 13 S{-a@ A- Lemmna on hoh - regidone ﬂf‘o.()(.ks_

l€ G fom™ 6.1S is not veau\ar, Flen X(é\\éA(C-Q

(. e e Heoe o &9\0\8\



®r6c> _6

£ G is von- SR +hen ex. ve Vg Si. de&(v\é Q).

The tdea 15 to inkoduce o Smoch CQLDUJCA% waltdh Uses oF mosk
A(eN oy colours. Nete that as G oy (Rinlhe and) conneckd,
ecclyl=lk € %o ek S;mlueVgldund =iy . Hence | S=2u}
Anol S = ZUe Ve [dltw) =ccau)y. Nole Pucker ot for leice

evary Vertex "W xS, Leoas ot \eask one he,i%‘n koue Cn S

(i e. Lo predlacesser sk «on a VU = Poka o‘g. shortes - \evx%-\{«)-

Neyt v —
\ — '7

Se S, S, S,

Ne wont o apply Ho greedy  elgorttum oPloe \Q‘beuu‘lxg He
VexRces of 6 tn asmort Loty e stoct loa c&ndxom‘.ta\od?-e\\i/\a
Fue Veclkces tn S¢ cwnd Haown Hose on S and So an tandkse
forln Lnhl Koo \ash yedex Vo gets (ahelled v whare w=\@G).
lence | (g vieS, omdk vy for Lew, Han i>(.
Now we run e %reeoln a\%or[,\-uw\ ond oHSecue whedy
colouwis Hae veckces Qiei-.
For i€Se wilh L*0O (te vitua=v), nolke Huat l/"c(:’e/-j

Hie smallest availaple colowr nokusedonits prcv.‘ou.s[c7 colo uredf

h&ghbeur_s L J.e. on Ccks hdah‘bou.rs n Sf_USCH v--U S .
Js v bay aof leas+ one HC(‘alqj)our n Sy, , tHlese Gre

ot mos + de&(v,')-l < Ae\-1 man&. #Chcwe, at least



one of +he colows €12 - A w giill available wWhence

kiv) 2«4 (G) cs desired.

o Va=v, it caw,{-s Heo sSmallest O.\,o(,(&&le Color Nol (seol Gna—“ﬁ
of Il no‘ap\bows, s it 1§ He Lask o 92# colowreo,. Bt as
bt] chocce o(«.a(vn) 4-4(&\, Gaadu one o'é#&z colowrs 26,2, 4B}
Must e avaclople and kv, € ACK).

Hence ! Wy c¢ A4 fer C;U_ UE Vg (Whance & (s A - colowrable

and (6 e 4, as desired .

Conscder +Hhe Stk Vv cQ al\ Ceoarses o{’,(zered\ oL fuC .
Ne oot Yo schedule %Lna.\s s. k. (-Q:,\odkgﬁ‘,',\ no Student

lbos Lo tole W@ exoms on 4he some Oe -

Con Ao %(r\d (0N ayo.()b\ skuctie on V ond wie gropla Heore he

Loole ‘o delermiine. Lot MWQ exom Oales We Need onAl

WA Coucses o Lowe Semullanedus exoms ¢

6.3 S‘c??_\, - ,Q-ccau\cx %rths Widh QU Veckices

Led G e oo Cov\v\acko\ﬂlt%u\o.v %tqu\ vk Ag) =2y (‘Z

G contains a cuk verlex (re- w(e)=1) Han (&) 2A(G).
6. 1Q EKQmele

ol wiadnt  wonder P Hueve arapls excsh. Yere s o evonle:
=g 0

D,
A U, ae

(Z{\/ﬁ -:E/V @ non~ egulor.



r@cc:o‘g 0% 6.8

Lev ¥ be ol Cok vectex N 6 le. G-v is Alsconn eched . Let

Mitao By be Hadishach conneckd Components 0f G-v wit

k22 Tuctber, doelive Gz SlUVIVHS to be Hia et cndicedt
on W wiMa v Note. Haok oteg" W) < dog'(v\ = A ke skl ey =4
loc o\ oler e UE). Hence A=A ’B({) S‘e@ 2, We

Con Qind A —cc\m«% Q@ G . ’Pc»ssdo\:x Q\B(ﬁx (aermul-.'f\% Heo
Colouts (We MY O3Stme Frat W) = K W) *goc all leiget.

Hence. W =W U.. UV, s Mo desired é‘co\ob.(ﬁf\é e@ G

620 uLu\x\ \‘ma See L~ Fack

Let & be awegular-  Non ~Complele | 2 - connecked 5/0,(»61 wiitt, A () 23.

Then Hure exisd yechces Va v ve sk Vv, vaeML) | bud v, /s neof

t

adyocent fo Vo and Oddph'onaﬂtd G-5fv,ul s skl connecked .

6.2.1 Skp S - Le{# Overs

Let & He regular, 2 -connecihed ; non-complete wita A) =3 .

T hen 2{6) cA4(6).

’P.oo;@

@a Foack 6 20, +here exist vectices Vi, Ve S+ Vive €MA) (v, ¢ Mu,)
and G -2u,vl s conneched . Let Hi= G-Suwnly anol as ¢n slep 1,
pock ton Vy via S;=2ue H [dvau) =l Let 16/=n. ond

lapel all Verkces as in step 1, except +lat Ha lapels of iy, and u,
Slay. So 1f ecc'lm) = ¢, we stadt (apeling Hue verhices tn S wik

Va, vy onol se on, fo/lob\kd beg He Verhices tn S, ( unk'( we react,



v

So =105, wohich (s O./reod& lapeled. MNovs we gef tle pictfure

NSWA

V“/ —
\ —_— .
S\ ~
Vo

We g eady 4o wn Y greedy adgorddum .

TFieeh, ve ‘X‘\" v =1 and Maenolso Klvy) =1, as weﬂ wre ol otcld‘aanl.
Nats, any v, with 22/ n, Jer is al (east One neighhour whids

s nob coaured in step L Precigely, 1 W €Se \Hun Hae ¢ a V\ﬂ%‘ﬂ o
Vi €5¢-1 ot ey uwhich is nol caloue d. As dea(‘/.'\ =N ot least ovre
of the clpwrs fL iz A4 Y & sk avadlabkle, Whance Wiv) ¢4
T{,Ao.\ha, okea(vn) =/ and a\\l (L¢ hexcé\\{pms &aua Leen coloured,
ol Lo og (ks necghbours (v end vy Lowe Hie same Colour,
Wence Gnee ogain, al least ohe o(f M colours 21,2, AY &

S+l available and alse Kklv.) £A .

We lence Praved Haed ;Z(G) 2 A, as clesired.

Tles concludles Fhe Pmoo/ c)[ Brooke’s Theorert. Tle Oh(g bHlakbor
(e Gre l,g;z)nﬁ is Fack b.16, due o Lime teasons. (('jébt Can qﬂw\o/

4l Proo‘ll in e Coclau® nofes oo[ Dr- Daowd .

6.22 Covo\\Oxgﬁ\

Leb G ke o %tagt\ v Connected CO\N\‘DO!\QJ\LS Wy Ua o My

NThen A(6)=mox 2A(H)teicly omd X(Cﬂz makiz(u;\lle.‘etk.



= 2) 7[(6\34(6‘)«—\ '\9( ond Q‘ﬂ\\a\\q ex. i sk Uis elMaer &

6. 22 Yome Loocle

LQ\— G be o %\GQ(A og oOfAer N, Lhen
ey €K@ Enal-oe).

The tesk OQ Hhe lechore. s deuoled to give & \est pound Roc
Hie dacomolic Nunber 68 on %ragb\
G.?.HOQQJW\LHQ(\

The clighe numper of o qregh &, denobed oy (G ('s Hie
earacsi Poschive infeger m sf. G containe Kmos ¢ shﬁam{f&..

6.25 EKOMP\&.

Vg Vz
Vi
G - Z } H=
. —
v, Vy vy va
Then WGY= A witnessed) WH)Y = b wo\bnessed)
ond

by < T2 Vs> E WU oy <ULV V> =y

Cond\, H- be;n% (o\&nur.

£.26 Leenmo

Foc 0 %me& G we %Q_L (G 7((6)
L Lt W)= {, then G contoins K¢ as o subacapl whicl (mplies

Hrad we Q\ccada eed L colours Sb»sL to colowr WUe and (;w(é.\gz(é).



The q(u.gs{-&cm actses heller (&) -m&n% Coloucr Shou\d O&kmu‘x

be. e,nou%h to colour o %(‘o\(a(_,\ G. This &ope rotber ga(c,ua
focls, as for example.  w(CH=2  Puf y(CcH=3 > w(6).
notler <xample 1S given bHelow.

6.27 Examp/e.

Led G be the groph cOns,‘sA'ﬁ o/ #he digjoint Unlon of
Cz and Ca ‘Lo?aﬂwf Vit all eo{%@ belween Cyand Coi e .

Ce C
vy * Then @(Q)=§, Qs eq
Vg v,
Ve )vl <§Vu\l«.‘v3, Vg vg ¥> ';’L(S (S0 ()2 s‘)}
Va
V3 b .Ouna 6 verhes heed o lnclude

Vg
QL leost Haree Vechces %Qm Cgs . whidh cawet

he muteally tncident, So W(8) < 6, Qnd Huts L(G) =6
Fuacklee, ¢ (@)=6: The cycle Co and Ca cochh need ok leogh
R colowes, and Muase Colours bave to be disknd Gs He verbees
ouwe mu\««a\(\é tneident .

Lel vs summante all pounds #ad e eclaplished :

< L/mrr*of%
(4

Lel G pe Ohﬂ gra/)ll 0/ order n-

D z(@cA(Q+L «n.

2) If G s comecled then f(6I<AG) (ff Gis huther complek
hee Qi odol eyele -

) (26 and JV()Z,\ S uE&) € ntl -k (6).



£28 - The Q\o‘?(em (Franess Gubheie, 1852)

Given oy omag (n Vhe Qlane = Lo cnony colours do

We need Yo cdour Ur \na N S vo counkies who Slhore

Poct ol Mas \sorder (mowe thow o poink) fite e same cdour ®
We con eguese His Un grapl Heoelhc lecms. Nobte Huak
e Conm teQuegent Mg issue O o Qlagh Wher e yechices mQresu\’r
Counlties ond {d\%ﬂ; Conneck CoLnties Lot k-oudw;r\% SHardets.
Sudu o NN W\ ye plowor.

6.29 Exam‘plc,

The map Can ke
\‘(Qrcsc\\\ecx Cq
\ba the (;\Qw.u‘ Qe

QGVQ\-\L\-.

Nows & Co\Oth% of Yo tog excxc)r\a Cotres eandas YO o Vechex-

Co\ow‘u\% o ‘e cssociodedh %(o.@h, eq -

For Mos %ca(al«\wg clholned O L\'~Calomr&\%. N2 o Lho\(—
WG é—z(@ foc N iy %(O\le\ ardh W(6) £k ar oy planar @q‘sh-

24 aee & colows ol e:mv%\(\ 1



0. 20 The Four - Colour~Theorem ((276, fppel, Hatken)

If & is planar Hen @) b e eveyy plarar geapl (s
Le ~ Oloncole -

0.3 Some lhstory

- 1BS2 - Yrollem inkeduced (o% Francis Guiarie bDeHMSah (Cis P(o{\
- 1852 -137a Reiliant mLh(ﬂs,?no(-#améll:omCa@fea,'PcZ(ce--- kied +o
sel/e e proplem witloub success
- 1874 - v‘c(‘@eo\ Kempe. opnowecd. o gcog
- 1200 ~ Folol tistole res fomnd 0n Qrosf
S00n o\(}xe,r - teawooA v Mempe. prave Huak 9([&\9 G.
S A6 - A Ry o apeof wos Preserled gy hppet-talan
otelles &e_a\s'\\a on C0m6>\'5Q«T§, Mk Octeghed hb&\\ ok o Reions
~ 1806 - Easier ool Presested ( Hul skl Lses compaless.
o The seacdn conhnues.
J“lqt&\oa SOmeNoN stsLsL%L%\ Hoe P(oo% %»r y(%)s S A onuda o
occessible. Yecod Prak if G i places, e lave S(E) £ 5. (Thm. 813 )

6.232 Thecrem

£ 6 s plonar, Hon /xca\sS“l\'.a. G s g-CQ(Ok..\‘O.ble,_

Proal

Lk 6120, We ecgceeA ‘ea nduckon on .
£ ne €, Hlo Huorem cleody bdds oo ¢(8) 216 Lor cng 6.
) ¥ \

N=hal . hSsumae cmé planac A =l o% odar ok osé N



i+ §-Cdourolle ond consider & st- [Gl=n+l. As S(E)e S, Haere
exists ve Ve sk de%(\.\ <G Consider he planac Qcm?h G-v.

By L, G-y is §-colourclde Lek K be Hied Q—cO\oua\%. Now, 1§
omeng oo 'V\e,‘\%‘(\’go\us oF v & leask one of £12.3.L.5h Wos nob wsed\,
We can e Haok colowrfor v ond ohlain e Aesired 5 -cclowing sf 6.

OHecaise, de% Cu)= 5§ and all ‘(\6‘\%‘0\76\*!‘& £ WLe & ofl'v are

Coloured 1n adt{,(erené clowr, £-%- \(((,a',\ = L. We bei.e._z,,/\’.

u\
: N [oXN C»Su‘a%rcxeu c{f G .
Ng s 2
/v Vo, we wale o coure
L
W .
s = Aishncon .

Cose 1. Assume there (s no W Wy - potie Haak Q\’\H\t\a wses Vech cad
Colousd it cdows LTomd 3. Then feb H be Hee Sukcgm(é(«
of & Cc)n\-cu',“i.r\ﬁ\ al\ e Hhal-slack in 0, ond Ute OI\L% vecrhices
of colour Lank 2 ie. H= ) {P\ Pisau —Q&%&\L(ﬂe{h%\x VxéPE.

No\e. Kok wek, but Nsé 4 Bn QSSL“MP Hon.

Now, in W, 2% Anoee. Hre colowrs | ond 2 and Observe kot et nen
Colowdngy W s sBU o yolid colouring Bor &) dub newd K(wa=2 .

0nd xye e - Then Wlog L3e May Dasima. e bk w4 o-nd



K (<) = &‘n\;i- Bk Han K23 K21 aad Hare s o
flay-cdoured W, X - pak p - F(nal\% v P (y) weuld be oo (3% colourd),
by - pota |, Whence ‘QQH' c°nLro~d.éc,(—Ir\rd oL &sSum(-)Hcﬂs.
Hence | K s a S-Co\ou\t.q% o{l G-y, bk now Hia h@t%(\\)ows oé
% ov\(ta we Colotrs 223,680  Whence we con Sek K (y=1 and b e
+he desired §-colowring o{_" G .
Cosc 2: Ussame Her & o £13Y - colourd u(w3-f>0~1\-{,x RGNS

es G s Planar, we Law b cs(aHon.S'-

W 3
Ve ] ' -
I U \P « I Wy
Ng 3 e -
S S/ 2 ; o . 3& Ng 5 >
v ;

i \Y

ke _ /
e =My 1o Wy ?’Lﬁ

e

3 |
ln eiMier Cose Q\Mé W2, - poaHa Now owld Goave to conlein

At least Gne verkex @rbm o S (s P(&no.r. Ratd +les
means +lat Hew s no W, Wy = PO Whida On(Q Laes Colours 2 and .

e con bence Qe‘)ba Case I {o w, and w, and obfacy the cesired

g'CD(OL*fi«V\a eoe 6.

Play te (- Game U Owe plagr ts ed,one is lue

In allerm#wa huens  colour Hue edges of D Ke anct then 2)Us -

in your Colour - QoW win { wonove He st o produce o

monochromahe Hiongle T Whad is He A flerence OJ plaging ik onlls vs U2



Wistosu

‘nkodmcedr \A12 Ly Georg Donid '%lr\.ﬂou Yo ockle M
L~Coome roglem (e &oged\ for o anQ\‘\ve OnSWes)
¢ Tl shal descrile M aumyec o { k- Colpornas ol 6
CTese Wl e golunomicls in Lok degee 1612 e B k) =anltaltoo.
-’i’s\cl,,bogg Qhe@e.d Yo use skona tests fom amlysts andy a\aebron
Yo find cooks of these Qo\anomm\s
“\n ?oc\\cu\q('L( Lo‘:ed\ Yo Eindw o\aver Koge & Wndy hos k=l as G ropd,
ve- B=0, dente G Los no chdwd,p%‘n\/\ehce M k-cdour Heerwem
POWA ‘oo wcm%
- Bvee Yrough we leeow Maak Le Lok 0o Grance of Success, be shil
d\e.\nc,\b?v_d AN \eols WInid O Cxuio W Yue oweon o% Q\%ri«(c WO‘FL\
> Sotnelimes -\:u\a-\f\/\e uaais +he gool.

b -33®¢€i ahon

Vel K, ond Kk, be two (‘o\ouci,nas o@ He Sa'm™me %ccxﬁ(« G. We So.\a
Prod K, s d:f((@cer\* ((om\/\z, (M) i@ Hore s some velg sit.
\A\k\l\ #\‘\‘L(\l\'

2) he denote ba ?6 (k) +he humber o‘c O\Cg.u ent k- Cotoucir\aJ o'[ G



6 34 Example

v v

Consider e Qo‘lowlma Co\oL»vaan of K, Ig . ()
NG 2, v b

b EL (k) Then Wowmd W' are
vy 5"\ )
A i flerent s Kl = 3L (vs)

k

.25 Discusslon

¢ How \mc:w\éX L - co\mc@v%s o@ Wy ae Muece?
v We con Sno<sa SN og Yo L louss Yo cdour Vi, Huan
OW\Q of M \‘QW\QLV\LV\& 2 0x v, and So on. ln e 200
we oblotn L2210 = U! mQ\/\tj k-colowitngs.
ok alsoud %\CO\om‘vaas?'
L/710\\owlr\% He sowna Weu%v\\s. we odain 6542 = (fi)! many
G-Ca\au'un%}.
* dhindk b~ coomingst
b e ﬁ(\m =L, Mec aee Wo %~co\Ova\%s-

§-26 De Llachon

Lek & e ouma %‘-QQLA.T\I\Q‘(\ We dens e lg(a ) Y ‘(\uvvx’yzf
°§ Qos-si-lo\e o}&&{ue'\l co\ova\%s uer\% ok Most Mo colours
i\\‘L\--\t‘/Iﬁ :

6233 Lemoxle

- Geolicl e owe dlscusston albove e Sakacn
O lcn
?\(ﬁUo\ = i ! l & (‘/
= ) n <L .
Ge-m)', ‘ ‘g -

v

- Tullae Chreck %ldAA gl (PE"(L,\ =



6-38 Temocle

The {oflowing equivalect for ony ol G ad beZ.

N Ty (k) =1

2) y(ey ek

3) Gis b-cdouralde.
ln odder to show Huak //g (L) is q po/éjnomé@(, of Olegiee, L we need
Cun ()’h(acm‘ami obsecvation whidde will @llows us Lo Use induckye Q[ﬁ!uMCn\(S_
To male sense of 4, We needl Hea fo/(awcng o/e%//zc}/om-

-4 De,gmuﬁcn (gdg;z_ Conkacjn‘oﬂ«)

Leb G be on gapl ond ec£(6), Sag e=tv. Then #a edge
Conkachon G is Ha graph oblawed fom & 6@ Hee /o((omngf
) Deleke Hue 2dge e fom &.ie. conshuck G-c.
2) ,dQV\HFé,] e Verhces U and veas one new UVerfex dencfed ziav.
3) Leavng oy one cogy oQany TesUARng Ml -ediges

6. Lo Emméﬁ.

Ccms\d@r G and CEE(Cﬁ\ oS €O(\ow$-'

v _T\‘\Q,\r'\ n & uav
7/ e \
Ke
x Xa

04 \ Thheowem L’&L(LLO‘W_ Llewis, 9 QG)

Led & be O\V\% nown- -e,m\?\rné %foL(L« ownd e:uv ¢ £06). Then

Tl = T ) = R ).



,Proog,

Cloion - QG/g(k\ s eq‘(,a\ o the number 0(: L‘CciGb.ﬂ\."\%S o€ G-e ,

whida ou;sf,c&v\ e some coour ko u ond v.
W led K ke o ‘\L’QAO\MLV\% eg (\:‘G’/e Then we Coun creake O

~ ~ Kluav) (f x= or x=v
h’CO\w<Lwa \AoQ G- uviee W(x) =
K (%) otherwise

Hence, Yaeve oxe ok \eost os oy ‘«ch\owLn%s of G- whida
O%L%ﬂ Y. same cooue Yo m dnd U Gs Fuere ae l,;Co\C:wLnQ-S
of G/e - On Ve oMaer Lond, i.f W s QV\% le ~ CQ\c:u.rLV\% °£
Gt WU ossigns Yo Sowne Colowr Yo W endr V, fuen
Wwe cown c&eQme. oL Aew \4.~Ca\ow2,n3 \x og \(-e !o% Se,u-'ma

T((u\ \‘g X = AV
W(xN = ~ . lence, tere owe ol (east co

K x)  =\se
ey \L-Co\ourixxas og GJe o5 Mere e b~ Co\oun‘,n.%_s og Ge

ossb%n‘wg e same cdowe Lo U and v

Cloivn 21 There oxe s mo.ma “-Co\OurLf\as of G os flere are
- cdowiungs o G-e cLss{,%nLng dilerent colours touandv.
= \&’\7\ s O\\"Co\ou@'\% ol G\ ‘hen C'\e’u(\k% W\ ts o b~ Colourt N OQ G
&ssi.%m},nca 3 Qe Colams ko e and V-3nd vice vexsa . ((Noke Mok
bolla qraghs Lave ¥re Same vedex s
Nowy R V= 1§ K b-cdoning 0 Grell
=i L-colouniag o G nika =W\ |
£ VLK L coloming of Gre wilhs W %y |
=R, N R WY

Thus | Pl =P e U = P, (L) 08 Besived .



Compte. T (L) {or SN e - Qs o cornlatnolerial rgurents
- +hen by \«sana Rirlboff lewis

( Uce Yok ?E,h(.t.\ = k‘q weduce ‘o *‘\\Q}(\

Seluhon
(V)
. . O We Lave (L—mcmb Adoices Yo o 4y 5 Hren all
Ve =\ MV\& /(e&\ alel Colowrs {Gc VAR c¥Ye %;nq\\& (-2)
mony rorcs for W so (0 (k-2) = LF -3kl
Hexe | s Goes wot d\Q?QV\cX o0 Yne xdar > c,hoo&ina
M\ (W -
) Rick &o{% ~Lles: “ U"OV
,Léa Go=G-~e . Q‘?G’/e\ Ve Go \f’* G, leLAe;
T ) N

Now ek Gy, = Qo-er Go = e,y Gio= G-ezaty (G, T Gl/fme31
“u UA W uilv

: . ° AV IN)
G
709 Go\ l<2> C’/"o GN\ )
— o Q
v e W AV, (N
0 "
o
RM\\\Q\ lek GoootT Goo "€y Goor: T C”‘”/e:s' e Gom Goo
[ -J 6 hd
v N VAR
G \M’(/\/
— o N
S W\ os  Goo:= Gor — €+ a0d Gp,, = /63 ‘\‘6160(0 . GQ‘\ '(’LA\A«))/\V

)
Ne nor e heswadnc Qo\&V\wLo\\ Ra¢ He Q,w\@\s Qco\F(« (P{;M(L\:L_L‘.T(Aus

T )= B0 =B (k)
Ca Go
P, (&) = R () ~ B (L) + B (LD
?GooQU"\ B /PG’OO(Uc\ - @Gow(b"\ */?cﬂbk\u(’\ - _FC‘I\OCL’) *(PG\((L\

\/

U

\l

\* — ((,1 "(f*\a—- («}-*L = L_z-z(;-k'z,(o.



612 Pewocl

‘Combpunatorics Seeons fader ok Bickloff - Lews, so u\s\,\‘m boller?
D) Wedo vok need Yo olnys wduce Hade 4o B, once e lenow e

Crcomalc paynomial of other qrogus ™ it hecomas muck fasker
D) L allows Wduchye Qt%wwxen*-\ N erooQS[ sce Helow).

2) Combonodono) %N\ou%\\\.s QXQQQX\O\ on Mo Anoce Og veckhices cund\

{cnc 2. Ao ok os\wm.ﬁs %'we_ He cocre e mmb ec?
Vs

’?G’('5\ . Hiee owe RN Col\owy ko ?.\Ck ‘%ow\ %ol"
Vg-\ Nso D ‘QQ\' Vl\‘ 2 '(G(‘ Vi 2 (o\‘ Va Cnd

e Lo O (u‘ Ve .« We Need o cose s hacko!

NWTV\LA%S %e)r \mc&s‘a \/ct“ Q(uido\a.
f\):»_:\_: AQQ\ALA% —%\H\LL\OQQ— Lepis « We OL\»\)MAB ocdc ou Sowo\ So\u\-ton?

No\e. - r?clt?:«\ = 33" 3'31-\' 1-3= 6. Now Se,\- € Vivy (€2 Vg,

Then Go = Grey “wmz& (GGl s mwéﬁ

.- C . * C .- . leVE
W2 - \ s '(; <
oo o e_-)_ S ? [§ lo\ @/eL \ Vi ) A

oo G-z G —er is A R CT Gn/e_’- s A

TuchMac G

Now Tg(B)= R (B) = T (3) =77, () =P, (3) - R (VAT (3)
=226 -3-6-3616
=6(9-2-23+1) =24.

6. 63 Theowem
Leb G be Ouﬁn?h og order . The the -@ol\owtm% Lol .

) EACARE o\\ao\nhomi,ol on e cg OXQ%N’& LRl T ol talk xae

) We O..\\AQUSS bove n=1 ond 0.=0, te. Poll) = L vq, " 4. xal .

D The a; olernale Ln sign and  a,, = - |E(&)) .



1.1 Hobvolon

lma%z,na a Qroup o_@ peoe\e s to split Lp Ln Pairs and tale
ok Lo c::meeL( kon . £ verg - Persen Las Senerad Pgle Haeqy'd
\ce Q,\QQQA ‘o Cem?c,\e Wi (ondl e aasume s (s SQNMQV:C.

This Schecken Can Yo modeled Lsing @ Qragh . tow would o

gossble mc&\c\d\;g ool e nich would Q\ease e\la\’&o‘nei

|
Ef&me\c‘. 1

T 'e We pouc
: LMW S ¢

A3 cad kuibuld,
i

Pais 1 sh\ o '““&C'\A'w\%.

ok we bove 2 &aqv&a feowmrs ondh

Con+ Loren oondrhier one I i wob Pofect-

O\vgecvolion: (\ne (‘an& W\ bhe ‘o (:ic}c o Sel OQ edqazA u_\S\«m‘c,L\ do

nol Slhore =nd vechces.

2.2 D liakan

Lefsc G we O\V\a %(Q?{A.
N mo&d.(w\% Roc 6 s ogdk ME E(@Og ?Q;\ﬂ,o‘\se_ d&s'ﬁo'u\\ QOK:«Q.
W) VeN(&) s caled M- solucoked L oensls eeM st vee (ie.

\g W3 s Pae Qx\onLr\\ QQ Sowe. ed\%q cn W) Olherwise ,



we call N M-unsabucated.
W) We sl @ mokding YU méuional QR MUEEN s nel o maldaing
foc TN ec E\WM.
iv) We say Mol H it o ot mum mqkdn'w\% 2 & las Ha lm%as&
C_th&ina\l\% &mon% o\ QOSSL,L\Q ok di V\&S-
) Ti,na\\&\ we ca\ ™ por geo\c Eg any VEV(R) (s M-solurotedh.

72 Example-

. c ba)

'S G wnoxomol mo\%—dr\br\% Ol a\s @

O\ A XL MGAQX\Ln%.

1S @ okt wal  mak dm‘,n%, bud ol

O Anou Mt Mmalching, -

s oY o vAox L naa\ Wa.&-()w'\\f\& OS

MU Lce™ ts skl e ma‘rwkﬁ%_

—p‘w\o\,\\\%\ Phee o no (m:x,(’ec}r ‘N\O\-Ldnc;nas as V&l s o0d.

2.4 Pemack-

1) Jnﬁ pecfect ma/c&/y /s a maxum malc&[/y .
2) JHU NOK L Lm rnalc&dnﬁ is maximal .
2) £ G bas a @c‘ﬁ(’ed .ma%img flen [&l s even .
Fuctber, Han any mo*id'«ina M ¢s pecfeck c{f v o meximunn

malcluing 1 =14



7S &x amflea

J /X

Nole Lok Fhew con'dt be o Qargeq,\ matca na( even H/\oual,\

\Cﬁ\ =lo s even, Gs C\V\A ‘\\Q\(Q}u;\'ﬂ (VAN ok W\O&\‘ onc b{L &%I bao\q& k%

v V4 /

We see Lok dile %« coMaec eoisé Yo decde Whelner
o~ mO\\d»&n% s ™Mouawol of  Qexleck ‘r\x‘m%s o= less clear
for o movawum matcling - Ous aext %Cvo«,\ (& o develop

o Cii\ecion Yo bc\? ws Aec\the \’\\a& \ Co\led, %ztgsb‘s Theorem .

76 DeQm'b Roa

Lel G be o qrogh ond Mo makching for G and @ G pathh tn G .
D We So ook e i« \‘i—cu\\etnq‘r‘m% 1R (hs edges allernole
belween <dges tnside cnd oulside M.
2) We co\ @ H*O\m%me,(\(r\c\% (g W M- m\kecnmu“% ound,
v slact ond emd veclex ase Aidincd and lfnot M -saluroted .

How does *uis rlak fo Mmoximum mq\-chlnaSg



L. . @ Gnsidar 6 o Hhe inoddming Ytoteak.

) N Flad on N-q(&ermﬁina coth e

G v T A Z. V)CrechR o new w\o&d,\ivg ! 63 [emo\[mg Rom

Hoal edge S On H(\e and\ Odcliv\% al\ e&gp.x

{lom (a\H.

%) Repeak s process as long 05 pessdde - ek properbies does youe
.?\na\ Wﬂ\d&w\a Y bove?

@ Fud o %ra?\a G 0‘7 Size 5O \where Qnamg\vwm m«xema Los gize 1.

7-7 Excsz/&

Considec +ua %PQF(A (EYRYE S 0N u‘na(-c.(,\m% M belows.

ThQ (DC\L"\Pf(alctq\elleld'd'd‘]
(s "‘t~0\\l~e_rﬂcx(—(h%( bu t

nol- M- O.L«a YY\en(—fn%/

(ks start Ve(‘ex% s
M - saiura ted .

On the otler bond, the path p,=(b.ciodiec & j) o5
H-Qm%mew\{:in%. ln pockicular, it is H—Q\Le_rm&{v\%. Whned Lappens
i\@ wWe Cefing A New Celoxe sek M ‘o% ankc..é.vxan% o\l ed e
og M outide of o and also C)(Ogc,(-lﬁ tiose &dges of @ whick

Nexe \j\c(— C(\ }"L‘l
q:o( ng(%lclqkd\et.[.e\gd')

Whick was Ji-a(termHna. bud
nok J~(~au%mu\(-in%, we okbcin
O cd%,a Seb vl ¢y net
o ma¥dn¢n%.




For H.e M- Qufd\mer\h‘rg
Fq-‘—(/\ Pal(b‘C\CLgeL‘C(l.|€tl\S)

On the obhec Q«cuno\. fhe

Sedr M s indeed on ‘V\Q\'dI\:./\a.

Horeoyes | N Contoiins ore
ed%es than - ™.

bleace, M wos not o ™makimuen mO\LcL;JLr\% bor &

1.8 Theorem (gzr%; Theorem, 1G57)

Leb G ke a awgh and M o mo&dm‘,r\% Por G. Then
M s o moximum w\chdn{,‘ﬁ% 1{11} e 8 No H‘Q\k%mﬁh&rif\%

path Ln G

©roog
=" e groceed (oé Qon\m\@osiln*on. Aesome M X o Mod-ob;r\%

Ond = (ki xn) on H-augmenking Pt We wil ghoud fhak
M i< nob macimol - 1€ e edgs of P ar eut ey, Hhen

0s X, is mob M -saluroted, we gt Hat e ds p x N-allesalig
O\so eaes .. i-e. alodd numbered edges are Nob in M wwile

el even wumiloered cduﬁt) are e Y. ks aso xn S nob M-soburald ,
Cu.. &M\ Vhence N-\ ic cdd ond n (s even. Now de@«iﬂa

M= M\ §erienimen,d YU leea - €naen . Note

Baok 1ML = ML L (We claim fnad Mis amak)n():\g ¢ Proving Pl
Mwas nek @ maxicum. Bud Huts o dear 0s Hr\rou%b\ e change

of ec\%gs OM% X and X, Ose nedy M'-saluraled. Js Huey wewe not



M-sabuoled | ¥, ts only the endpotnt of e cn W ond  xu oul% of
en-c tn W', lence W ie GQain mmaLm;n%. (fges Hhan 4.

& We proce ed Ogam A() conloposkon - Asswme M is a mmlc&,'/\; o/ &
Which is not A maximum, re Huere is anotler ma#du'/)J M of &
with [ > THE We aim Yo fird an //-Quﬁmw;uy Patlh n §.
To Hus end, we é{z‘/(:/l.e o Suéﬁfafa fec voo I =) and
E = MAaM (= K\H UL W) .
- Wole. thak [MAO = (L= EHQHES (M= (Ml = MM

Vhance H Conlotas shichly more edges fom N than dam M.

“Fuctor AN 2. To see ok, consider x €V(H) Qrbikary. They,

Hare con be o mast one. e flom M cordoining x ond alfo af
most one ofler edge fiom H! os K ond M are maldtmﬂ.s. fence
OUNV€D  es odlesived .

- oW We know Hat every connecled componend of # edber s
cycle gf even (fvam (ustﬁﬁ Ha Sme umper of eddgos from Mand K '),
or o paky - ds [HI\MI> [H\M', Hare must be al least one camecld
componend in il whick is o palts of cddl /en;#‘, soxcting anol chdt}y




Tl:c;/\a(c;r\g machir?> Decomes of special inkerest in hipack e graples.
I-/islaczm(lﬁl Hea gazs#ons e visvalised &(J *‘U‘;"g fo matel,
Couples  for rareioge As Hus does net ao(-ually give o bipahe
8“‘@’(" we ol | (ui oucselves inle Hie &olldaj s(odu',l andl

Will drscuss bipackle 8rafas, thee ohe Eark represents oo sed
of clldren aml Ha otber art o seb of presents (e codll

4%8 fo belp Santa ond o/euc(of a cwterion Lo decide wheter
le can make all He cloldren L.af()(d.

FQ Example.

Covsider +he Bifo«ride- Qreels kel wit,. V(&8)=X QY
oolqg‘-e_ '¢ refresc,n-‘s o. set o/ o(u.(dren awrol 3&&'&‘- c:of oOte&en‘S.

How Cloes +la qmo—blem Ot,bovﬂ Lant o le +o 8raf(« -H«.eara?

(E=NNNE=))

Re dsaw one edx%c welween XEX anmd %63 whenever clald

X wold be Lappy . To mole . dnitden baggy, We need

Vo CrooSt edgps . SuOM Yok SN xeX oggears Cs -QKOU'JA&ONL
and Vorlex  (eueny Onl\d gevs erocMy Gne present), kit ol edgps
ot dey (miden dont dave Yo share o presendt). Le . we

need \o Q‘w)\ o V\O\\'dk'\\(\%R st @U% xe X s M- soburoked .



Toc ouc %me\ts we olsecye o ’{o\kowc‘.r\ai

LThee ¢ Q ‘Pr\o;\dr\i,/\% W3 da L Thew a koo caldeen Wt dn
"oles 0N S\ Ssen Q;\o.qgu& bkl only wont the Qust presend.
Hence Mo (s vio QQQtoe(Ca\L m&*dm\,f\a.

How can we know  Rom the gragh  When on appropelate
‘ﬁ\q\-c}u&l\% exiskel Thie is solved n Pullip o\ < m&(c(&%LWeO&M.

TloDe Q"mt;(-loﬂ,

Ly G be o \o‘\gox\l\a Qrogle i ?0“(&’5 X ond \a We Sma ok
X i M\o\\e& o \& i& Mere S o moéedr\l:f\%ﬂ €°( G) sk, Q\Je_aa
xe X s H* $Q_LU.(0\\-Z& .

7.1l Reeack

Js alove, X ie mobched (Nl (i 1(’@ there (& QN Cngec}(uﬁ
Qunchion g:xa% b Ikl eE@) (for o\ xeX .

Z.12 Thneoren~ (Hal's Maciag e Theorem, 1425)

Lev- G be a bigachle Qe Wwilks gocts X and & Then X
1« moNCned Lato ké \9\9‘ Qor o\ geks S X e bave [S]e|[N(SY],

Rreoof

> Msuma X 1e motned (Alo y{ say via qﬂ'- )(-)lA. Lel SgcX

e O«\oi\\«out&. As Tk fbaly cELGR) (oc o\l xeX e aducx\ka
%z,‘r Yol %LS\S VY. S :Qu(“wv @i.& CNCC/\"\\/C| %M—

vilkon e gk Ml \S\2 1D, as desired



W& ssume N0 Yol -Qovm\a SEX e lave S| =ML,
Be ok to show +hat Lhee s a makdiing M whidn mokches
Kinbo 4. Leb M ke Qny  Mosimue moAcSnLr\:) JWe cloim el M
rodcdnes X cnto @
.Aémi.n% loc oo ConkadicReon, assume noly 2. Hiare (¢ some
me X Wudn is ook M- satucaledt . MMQ Ha selb
Befve VB) | axishe on H~&\\ernq\i1“% uv-pakly | We claim
ool S Q0X viobkes e asswenphion ie. 1S1S NS
We I sl s preof ik 2 gocts Let Ti= pay.

Lebh o slac™ (oM some ooseryoons.

Tiesh vote bhab s ¢ ic ot Mesatucaled | for Oy T\‘a\\um\\v\%
PQJ:\‘\ (J = L’V- :‘\A\\Ui\.-\(\/\\o\ We QLD\\DL

A Ui, €W l\\{g el R e T /Y we es,

Tucter, & Mt marimal e oce wo H*&u%meﬂkf\% pothes.

lin partcular, oy ve ANMY mus! be M- sobuwiabeck
Clode~ A= A Sty

Ly We deline o funckon £ S\EUS © T via Ha {dlowing:
g xeS\tuhs Wen =x- g = (Ut ke Lpex) d~—t~a.Hewiqu\{7.
Then 08 k€S, U MU €M and M o mlfduma, Y., &
the oviy nerglabour 6 x s 4 xe M. Fucrar U, e Tewd
we et J3(()d'-= s ks Mk o wokdiing R e Lnjechve.
Tuctlar, foromy (€T by definchon How o an Tl-alker-

“°\L"‘ES lULLd- ?q\'\\ PU: (u:z Wbz, - ‘LSL:%\' ulS ‘jt-“a¢4 M anc\



Ye is H~sa\\h¢a\-td) Here. musk ke o vetex x e X st 3‘»<eh.

Bobk Hon Py 007 (o y =) 08 an Meallewaling palh

whence XE S By dekwibon of §iwegel Hual POy, whonce

laemw&e_({;} Thusy fts alaechkon ondh \g,\§u51:3l~\ =\,
Claim 2+ N&Y=T.

Ly 2" Lek el e exichks S sk swé G(6). A< S C ¥, e veclex

W ek loe Lo Tucbler, e o b2 0 H'q\\mcum& us-path.
T\"@(\\O\Q O\ALSGL"\C‘\% n Yo €5\ We oclelaun an W- thm,\im‘a uw~\fcd'(4}
whente DET \Gs Agsired -

C2 LN weT b acloifany Ond Szjfww\ N (%d\d@\ad as O

Clalon 4. Than 3ESN YW and 5 € P8 s desived,
Conclusasvcin e have onstacled a gL € X ot
Cloim\ Claim
\sl=\V\Tlel = tve\at > \ULS\\,eonU&O\ic)ﬁma our st:»«(b\x‘oﬂs,

Thus, Suda oo Verlex 1 camnor @xtsh Lone o\ Vervces 14 X ave

Hosokwaed ot YU cmobties X Savo \6

Jp@\’\co\\%on - 3\‘\3\2“’“ QQQ Q,e.@&sen\q\'wq..s
7 ‘ ls DQQ\‘(\;\'\OK\

Led =T S1,80. 88 be & Lamdly 0§ non- emphy teks
A Sysem 0 duskinek repesantalives ‘.(Or € (< a 2ot Ty, Kq,,\i

sV xie Si ond Me ;o= OOt Ak,

7l Exomple-

LevS=§2.8% 0 S,.298% . S = 153N Sezfzugy, 3¢ 2.4\



Con e %‘\né\ o S%ﬂe’m o}‘ rﬁeveseh-\o.\'\\:es for € =58, gs‘\"{

/Le)('s visualise e ero\c\e_m :

S( @ 4 2
59
S2 l;
>

1
Ss 2

WML Mous uisua\ lsaNon e %&L7O‘\ Mans\ate
LAY D w(g;% WM r & w mmoldned tvyo O S -
S &
L S=% S.%2.80.9a0 Then \Slz6 0 He
oM Lanmo | IR = VL 2.4, ® W1 = 2. So \SI> [N ok
b\a L IPARS vv\m(‘\qo&v, HPecem, Paere 1= o Stas\uq Gg A Rnck &ﬁ,vese;\-le‘nves
dor F. l() we considec (5= § SS. S SLY bowever, Hen o s“shm
o{i oushnck It?te.senlu‘é-\,q_s Ls a’we,n 'ma 22-; &, 5‘.4}] )

715 T\l\eo-e.m

Led d?::fg,. $... S 8 be o ;eoum'la o(@ nonempia sers. Then § 4as
asaslem o({ “eeccser\-,'a-l"we.s l‘H dor om(j Tcslnth we Cave

vk [T 2 [ LS ).

iex

’ng\_

‘E(Qxc_‘\sg \ Q%a Conse q/\;\mcg, %6\\/\ HQ,“ ‘s mMa ‘.qo*q \'\I\ Foreem. 1



The \/\E‘m‘\%— E?(QNO/JA Theowwm
We Loy Yo Bnidn Hhe Chagker :r\ Ma‘rdALw%S bﬁ redodng how
Yo et ovoller very wngortont gogle concept - khe ane of verlex
Covexs.

216 Definibion

Leb G be O\%m:?bu. M Vexkex cavec &ot § o0 el verdkax sk

C = \yla\ st C ey edge ol & Loy ob leesh one =ndiyertex ¢n C
re. YVEEEWD ¥ xeC shxee -

W Veclex coved (s celled O mintonium Veclex Covec ig. e &

no ver\e X couver o% s oro\\oxe ccu‘c&lnu.\;*\&;-

717 Jpplication

lmagin.z O muse Lm ol Ho many eaqlbau‘e;. WNe pant {o (Jos/!-'on guard_s
witeen Ho golleries flal bave all ark picces in sight. If we

Mad el 8(2(\9,.’\\:.; o5 eclges  andl (Plaau Where. at (easf Lwo 8Q“Jaud
meel as verbices, Hen we obtain a 8raPl«. Now eveiy verlx
cover  {or G podd (arc\nohz on appro Qn.'oJQ_ st ot locokons

to glace our Queds . Of Cousse, e Waak Yo wminimizz oue

Seend;..vx%s When usu&\\% we. aw taletesled n *@Lt\&l%-& M LALM A

Veclex Cover .

Z.lg Pemoxl

JE vcﬂ% ﬁw‘?\’\ G Les &\le.\’\'-)( CoNerc, nowv\e,\a Ve -

D Cisavehscover Pom Gamd CSD, Han Dis o yeckers

Covec (.or 6 .



.19 Ekamaolc,

Consider G %{\;Qr\ ba

Then oOne Vedkex Couer c a

s alven \oa Co=Sabic.dy . B oso, G =fone.d s ~ veckex
ConeC o Q(. s\ oo Qc»cé.‘\nm\'\hg. I+ s wor Losd Yo See Mok Maare
s e eckex Coves cer\\oi.n;.p% em\gé3 bso veshces, whaeace G s

Mmuntona\ .

Tor ecodn of Mae graghs bei\b;\,a\ L0d 6 Moo mum moddang M wnd

O~ munmum Veckex Coyer C. Can W Coﬁvc}w«& o = lakhon
|

between W ond (O fac o«'gika«a Qo G

<

' (85) U3 Uy Us Ug
Gy -

1\

o G

Uy (1] us Uy

c d
Ne see Haal tn G IHl=3< L\=\C,l‘ Wale On G, IMl=23 =lcl.

Whot s Hae Q{Q&Qﬂy\ce_ v botW c&oéksz_ Ne nale Mok & i 'QLQO&'L\\(_

¥.20 Lecnmnon

lek G e o %‘G?Lk\ K&v\g mo\\-c,blvx% %or G cond CQ.\:\é
Ves lex CoNer Ror & Then M\ 2 |lc\. [n Pa(\;Cu\QT\O\ WACAM ann
“t\ox\d&wf%ca\\&l.\m a oot o Mo Yy e&%.\ as o el G\ vectex

cover coMouns vack s



Pecof

leh ™ e ong ‘mo&dwlr\% Poc &, San W =feier, e b Gnd
(@ Ox\a \IQX\QK CoNel . _-[-_o(- O\“é& e, e\"k “’(u.t% s a \)QF&‘CK ’C(EC
Lncden™ LY, e . ks o\ els o= &;S&O‘L)\L\Q\\ Hie Kz o X

Ove Aishinct . Thuws, € comnoins o& \eask 05 ™Moy cdemaenks os \-1/

Ve \Ml=\C|.

Now | Laha c)f\amﬁ \\g We teshick sussdves \o ‘QIQO(\-\LQ c&q@u?
Someliow e Uove tece Conxole. Ouer e tedolon bekbween vednwy
ond ed\c&es. lndeed, Mne \lcw\%ox‘xou\ Mo e moliclans Dédnes \Lémt%

(UNYN 'Se,m':' €%uvciu6 Lr\de\)emc\ew\\(k% Qus Ccovered, the Qo\\ow«‘,r\% CA

lazl.

#:2\ Theorem (Udaig~ Tgecvary)

L{,lr G be lo‘\eox\-l\e— %(&QLA . T\f\e.V\ OM\(Q quiwmw \[\(\Q_\rcsv\\‘,n[a Q\qs

Me same CQ(&xM\L\«A O S fenowumn Ver\ex Coves .

Proo g;

Consides on czc\a;xw;3 oipachile quage G ond o mosimuin mobdiing K.
Ne i\ show Huld Mae exichs oo veckex coyer C st [ML=\CL.
By Lemma F20, CHan s O menimum veckex cover. [ek X
ond W\ o o Ligechilon of '

1{ Query xeX s M- sodbuwcaled | Fhen Xl =ML, Ckcmrhﬁ)
cs & s ipachte, We seb Ci= s a veclex cover fo5 6

hence. |Cl=Ixl= M\ (s as des(reck.



Now, o3same hot every x€ XK (& M salurated .
Le,L W= er)(\ X s not H*SO\LU.CQLGOL—"J, Then |H| ~ LYyl =|x]\. ()

Similer Yo Wol's Lemmma (s =

Az Ivevie) | ex. an H-o\\tumma L - poky for some we U
Fuchrer, seb S:2 AKX el T Pc(\y. WNe catm Haalk
= (XNS)UT s o Vedex Caver LML |a) =M.
EKQC-\—\;SO\S in Hae eroef of 72 | e can shew Yhak
O Tuery vedex ta (SNNVT is H-sobucoked .

2N 1s W\ = | Tl .owd

) T =S,

Thus ke '\\de\'\o\\e.\\a C«L\r Paal [Tl=\g\- I\ o) ond Haws

XAT=¢
ICl=\XslulTl = Ixxsl x|\ T\

i;-X Ixl -1l «| T\

20 - tsl+ lsl -1l

= Iyl it & 1ML, oes desived .

lF eoenns Fo show Had C 1S G veckex cover ro G .

To dlis ond | leb e =%y be on o”(\o;ka“ﬂ e,d%,o_ wHL xeX, WeyY - W need
Yo show Hral ol \eanl oine of x oy iy in C = (X\3)UT.

\{ x & S) e xe X\S | we are done. Otlacvise xeS Whence

9 < NEY=T, o dg_s\rqo\_ Tlhats (Q\r\ts(m,s e Qroog )




(" C@mpleke ‘Disordker e Lmeoss[,\olo, !

.l The (Po:&%\ prdder
qug()ne/ you wont to plan o Pcw? and gon rant to Quodd tat
a few Guats only willend wp olone Yo wont {o b Low many
gucsﬁs you will bave Ho inulle such fhal edler m mang mur‘ua(/y
tnow cack ofhec o h—mo»néj are pukual &&o\«\%@gj' We Wl see Cat
Haie o)l a((,\)ays AG(FF@” euem‘ua(((j. Thal qumlees 1 called Mg ’\Zow»\sea

\(\U\W\\oQJ Q_(m W)

-

.2 Msio%
dhea lbased e o paper Bﬁ Fonk \?amw.a " On a roblem o(D formal
{o%u\cll‘ (14718).

,QQW\SCK (Vo2 ~ 143 ol H/\ou%\f\ ok\&\,\% very young | conhibybeck fo
many M forent Ovos 0@ escorca .- —{:’,Co\r\oma (’&xms% pricing),
@\\L\OSOQ\»\@Q”X&\N\SQB seatences) | Logic (Roumsey @xpounsions) ondk
~OMemoRCS (Zowmsey  Oun bess).

8 2 ZDQ_ %\\OLHOQ

Lk & e o grople . v -Qd\@exb IocO(owma af 6 s any funchion
W:Es=2le, LY. JnHis course e Wt‘((hr\o@,n[i consiolo 2-colourigas
"f ed?fu ond  sef fhe colours fo He irecé(@meenh_

Novte Mok Yhere o No condiMons oa Pae LundRon exce bt Pot He

dovnoin ond CoAO moin.



g U Gromple

Consider e %o\\owln% edqe colouslngs of Ks.
b o

e 4 e 4
Note Haol WK exocxucec\ a Jm‘cma\e on fa b dM Whose ec&%es Ore
o\ ted | e teas wi¥n K Mhee s nelnec o tedd qoc o qreen h{M%\g.
.6 fDd}z,nLRon
N Leb G e Q%qqgu and K &g = L2 LY on ed%z CO\OW:,,\%. We

Co\\ & subgragh HEG monodaromolic 1f ol edges of W lave
e SOLme_Co\ourl i-e. \I(‘H By > L., LY Los a ronggR o(l S&iie 1,
IKEN =GN L. He then coll B a Qraph of colowr L.
2) The Romsey numper Rlok) for abez, s the smallest inleger
n <.l Oy ec&e&q_ ‘L~cdcmlx\a cﬁ Kn <tner contacns o red K, oc a
Areen (, Os o sulegeapha

8 6 Exom pe

) Fiesh note hat R(ab) =R(ba) for al akeZ, . (Exercise)

2) Lel's observe R(1.L) oc Ui leagd neZ, st Qny edg 2-colouring
contains ettrer @ ved K. O o xreen K, - & W Qoes nok contain oy edqes,
Query Qdck( Co\er;\a of Qny nm-e.m\ahd Qo SoHsPies Hhe Condikion,
Whence LUKLY=1.

) (2, 2) =2  os Ny 23qe L= Colowring of e &Mner colouss e

niaue ed\% ed or Qreen, vhence We eMuer obtodn a =d or ] reen K.



T(% {o ei.nc\ L2, ) ?or‘ o o\rloc..l\rar% mezf. Prove kqou.r

oS er T

2.3 Lemmon

LCA— < 2 @(QLE\ for O\L‘Qezt. Tl/\e_v\ C}y\% ed%__ '7¢Co\oum',rg o€ \,(r
odumces glMher oo ved Ko o o Qreen Ky .

oo {

Leb L=, ¢ 2l O K be Oy edege L-colourdng of Ke. Clearly,

We Comacns \Ll,_ N G S\dochragbs . Thhen L \OQI'\AL &CN\CQ \Ar. e Mae

conbacns o red Ka of & green Wi 0 desired .

0

¥ -8 Lewma,

Ne &ave. -(/\«\a_-\— ,2(3.L(\ —-ﬂ,
Prool

We love Yo show two H\u\%s ) R3S ® omel 2) Ry ) £9.

() PEZWOV\>& , (e. exists an echax CL-co\ouu'.r\a cQ Kg wilhout o rec

k‘s ond %NC\'\ \:<|.,.’

7A 2030 £Q te. o,uua ticﬁz ?_-cckouu;r\% cf \Uq aeMner (::ocxkc,e>

O vede K3 oc o Oﬁoceo\&t.

C\oaw :

The 16 avertexvioidh eMer ok ot 4 red or ot

least 6 Qreen -Cd\capS incident -



Ly Obhecivige , 0s A\ vechces bowve de%rce ®, ol verhces must bhe
incident ik Q‘&Ot(.\'l\a 3 wd ond & green Qdo(s. Consi der
+hen Huo Su(o%raeb\ bWece cOnscsHha of oll 4 vechces °(- G and
o\l ted eo\o&;s. Then ¥ is o qrapl chidh  Las odd mo\v\n(l'-c-"l)
vexhices Gg cdd (ie.2) dec«reet cGnLroch\‘c,‘n'n% the Hcmcks\no\b.;ng
Levnenar.

B Now consider Picst +ha Cose thal ex.velly ncident i L
ted edgps, Say Zvx, viwrg, vgd . IR any cs(’ Hae edges ki s also
ed | e bave ated Wi on Lvxig . Oflerwise, all these edgas

e e and we geb o blue Ky on Ik kaxaxuh, as desied.

X\
jp\‘c,LLA.f‘C'.
// Kz
ocC Z-7
& __
v - X

¥y

B Now . in Hhe Lfdover cose V Qas six qreen onecdenk ec}\q,es,
So\b VXL UKL, VK VX UXs UReY . As (33 =6 (HW), we gek
that Hiere (& SMaer o red Uz Conbaned can €ixixais x B>
tn el cose we are done, o o G Peen Ko isogon Tx k5.
Bl Man we Eind a gre et Muon LV X3 and ogoda owd
Caian o\ds.

We s Saw bhal Have o o 2-colowning of the edges of Ke

BiMout 6 rd Ka o green Ko Lowever 2ueny ’L-C,o\oum:,«\a o e
ed\ck(s of Ua Qrodunces edrer o ted WKy o o Qreen e . Thus,

(3= .



3. Suwmaﬂﬂ ond Mmore ...

Leb wus  sum up Sonie o(l e lnoron ’Zowv\seb Nnunleers .
x L 2. b) a 5 2(cnb)
| le | 3 7 23
2 L L 3 8 (2 1
3 2 6 3 a 26
3 L 9 L L g
2 s Iy " 3 25
3 6 \g 5 5 1211

The Groto\em %o\—s Ve 1@054 Very Comckiccx\ ed . Lé\znﬂ should Haere

Cuen O\\M(ﬁg be G ownswec b

3. lo Theorernn (’P_G\msea\

Foc Om(j (pc»c%m //))egus ub fhe %MSU Nurper Rlab) aiscds, le. Haere

s o Posdww_ mlfgzr n <l. Q/VU\':) 60(’95 ’Z*Coouru(\? cb/ ke eter @Iod’ucgs
a red [, or o Oreeh \/{'&.

Procrf

We {S'lﬂa\‘_c(/\ "’(Aﬂ @xqa[ b& Lno{o\cj-;on_ o m:=Qa '('6.

m=2: If atb=2, Hen a=b=7 and wWe brow Hal RUV= 1.
movmil: dssume fof any a,b€Z, Witk 5:{; 21 e bnow Hhat REL)
exists. Now assume akeg, st a+h=mtl. Then Hotle Cla-l\L)
and Zlab-1) exist by [H. Sef =2 -1+ Rlacb-1) andk con<oler

Un. We cloim Huaf K does Ha jobh-
To +ux ewd, pide an Ofé,//fa/d edly. Lecclawrcny K of K cod

Clhosse V€V(L<.,\\) O(fb(/{&(b. DLVL,V\Q_ Lo Se{-s;



;4—,-; iwe(/(('(h\ l l/(‘(l/vﬂ = f*ec(zx anl ?33:5\1@ V((Xv\\‘ W () >8¢ee,\§‘_
We bnow ) A0BUEI=V(L). and BB are disjsink .

Thus, [&14 1) = WU =17 = h-1 = Re-4L) « R(ab-1) =]

Thuws olos O 1M =201 L) o @ (Bl 2 2ab-t).

(Y Bl 22l-1b) | Hen Hee extsls wdher soqeen W o o ek
Kas tn &, sagon XS B Han eMer X i< o qranl, in U,
or  XU1vh s o wed Va in My Gs Cesiord .

Simi\w\a\‘ug (2) 1R 22(al) (then Hore exida edec o rd o OF

& qreen Ko L By say 6n VLR b Hen aler | is ovved Mo Lall,,
0c YUTUD & 0 green Wy ta W O dlasived.
Tuuws | tn any Case e OLDL\AQ( etler o rad Ua or a green Ky o U ) whence
e %stéj numbher Tla,b) exishs aud is Sounoled b&
Uaib) € Ra-1b) + Rla,b-1).

Se ne saw Hat Bamsey numess a@oys exist whence 1 Shoulol not He fso
bacol Ho fend Heom ( riglt 2 NeON 6. The Lish given in 59 ackually lisks
all Curf‘emﬂg known ’Qam&:(y numpers.  vnol even f&oaﬁ& Hare is conbnucus
ork ot o ol dpunds. Loeep imptaviag | M pelfer days very Lo
This is nicely lluskodeol by He follonirg g0k by T

. Squy. aliens Lvade the corta and Huceaden o dhliterale ik ina year's kime
unless fumar beings  can Fond Mo Domecy number B(s.). be couldl warsaor |

Hee wiocfd s jcsl mende ancl /aAlr_sol mmpulom cand witen q year we coulof ﬂd/éaé/d
@ leulode Hie value -1 Ha aliens dlomand R(f4) bowever, we would toye neo

oice bat o lawnch o P"QQ’V»P/-[VQ altacl .



8 ( rDofAnL\i onN

Let G/H be arlz/’o((arﬁ @mf(,g. Then QQmse(y "Umﬁcr P&, H4)
s Mo smallest ne@, s &/erﬁ fd;\c Z-w/oarc'r\i OU/ K, conlacins

eiter a red copy o()[ G or « green COrJ o/ # as a Scfjgrq(olt.

& 12 Lemmon

toc Ang gopls & # we bave  RU(GH) £ 2lI6l K1) (n pacticular,
#&L’Eamsaij mmber RI(GH) Q/waf exishs -
?"Oo__ﬂ

Lel 6,1 be %Veh ond et n=20/6l, (#]). Consider azfg ec/?e_

2-co/ow¢h(7 G/ //(n. T hen il d%r Cohvzazns a red Ccsfg 6/ kls/ or &

green copy of oy, But as G S Ky, ond U €U, we ate dong.

2.3 Examf/é,

Ne cloim Hal TUCe (PO =5, where Po is He fafdn on 2 verbices .

First note Hal (G B> L os 1><( N Okco\owdr\a o ke wWatche

_—

heathrer Com\abas o ved Ca hor &%v&en (?3.

Now considexr own Qrb‘lkm% ed%f_ 2—CO\ow-Lr\% o—@ Ve, Pick vie Ulle) (lrlol‘lm(y.
Ial’ +o OO[M CD%S incillant with v, are green, we 0}!&&1 Q Green A

@Mww;‘se, all bul one eo(ge_ WMS/— éc feo/, SQ(7 A Oma/ ViVu Qe I‘C&{



Tlfollowl;lf\ﬁ He same aguwnéu"/ botl a/ ey audl Wb, are
Green, we O;{n/ac'n, A green B. Olrtiise, al Jeasl one, SQg Ubs, sk

ﬁz reol and e of/m‘n arecd G on L Ve vz,

’PI'C‘L{AM : v /
Vi IS V’5 Vi Vi V( Vi
\ w < °

Ve bl

(Vu Vi Vs) =T (Vave, Vi) =Ty (. Vo vy) = Cy



