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theorem 4.1 (page 76), z~* = z". Then {z7%,27?,... } is contained in e

-3 = O

Problems

1

By corollary / (page 80).
Generators of Zg are 1,5 since ged(1,6) = ged(5,6) =1.  ——
Generators of Zg are 1,3,5,7 since ged(1,8) = ged(3,8) = ged(5,8) = ged(7,8) = 1. L——-. .

Generators of 2 are 1,3,7,9,11,13,17,19 since ged(L, 20) = ged(3,20) = ged(7,20) = A_ ki
ged(9,20) = ged(11, 20) = gcd(13 20) = ged(17,20) = ged(19,20) = 1. k |
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(3) = {3%3%,3%,8%,34,35,. Ju{31,3233%343°%. ..} ={0,3,9713,...}U
{-3,9,-7,1,-3,...} = {039713}u{17913117} {0,1,3,7,9,13,17}. \

<_—J
0 == POV, Ju{rt, e T = {0,7,9,3,1,7,... } U
{-7,9,-3,1,-7,...} = {07931}u{13,1,171} {013791317}
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By corollary (page 82). One generator is (24/8) = (3) = [30,8,4%.3%, 94,38, 30, 37 85 AN
{3-1,3-2,373,374,375,375,377,378,37°} = {0,3,6,9,12, 15,18, 21 0}u{21 6,15,12,9,18,3,0,21} =
{0,3.6,9,12, 15, 18, 21}

Note any generator of that subgroup must be contained in it as a = a' € {(a).
By corollary 3 (page 80). Generators are 8° = 15 and 37 = 21, as gcd(24,5) =
ged(24,7) = 1. alse

By corollary 3 (page 80). Generators of arbitrary G are 1,5,7,11,13,17, 19,23 since / \ -y
QCd(24 i) = 1. Observe since G is generated by a, Any candidate must be of the forml ,_———~ ,
a*. So we covered all of them. <
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Follows tr1v1a.11y by corollary 3 (page 80), as ged(n, -1)=1.
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We know gwen a positive 1nteger n, there is a complex z such tha,tj o Then

g = {z 71 z } {z z s 1} Clearly it is a group. \/_\ ] /%0 Qurh@
t 3
For z— observe —i = n(m) +r where 0 < 7 <n. Then —i —r is divisable by n, ;Jé CE’O(?:E;& 'y
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Thus we conclude S, = (2) is a subgroup of order n.
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We call a subgroup new if it is not {e} or G. Observe constructing it contradicts a
given hypothesis.

Select a # e. If (a) is of infinite order, then (a?) is a new subgroup. So (a) is of finite

order n. ECes T T SR VREa
| e S
If (a) # G then (a) is a new subgroup. So (a) = G. = H/
If n is not prime, i.e composite, then by theorem 4.3 (page 81), we can take divisosr ~kS
such that (a™*) is a new subgroup of order k. Note by divisibility 1 < k <n.

Tt follows G is a finite cyclic group of prime order n.

36
4 8 12 16]
Z]16 12 8 4 e
8 |[12 4 16 8. -;QS'E/

28 16 4 12| _—

64 8 12 16 \

All entries are contained in {4,8,12,16}, So closed. 16 is the identity. Every row has
an 16 entry showing inverses existince. The group is cyclic.

Its generators are all its elements, 4,8, 12 and 16. To see why you can trace the table.
For example 81 = 8, 82 = 4,83 =8°.8=4.8=12,8'=8°-8=12-8=16. :
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H is a subgroup by Theorem 3.2 (page 63). Given a = 10ko = 8k, and b = 10k, = 8ks,

Trivially @ + b — 10(ko + ka) = 8(k1 + ks) € H. Also —a =10(ko) =8(~k1) € H. U é\‘ dﬁﬁc

H is not a subgroup in case of "OR”. Consider the counter-example 10 + 8 = 18 as 18

is neither divisible by 10 nor 8, Violating closeness property. @
g
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* Partially Solved.

Let G be a group with only a and b elements of order 2. We try to come-up with a
contradiction.



By definition a? = b = ¢, s0 a™! = a and b~ =b. Clearly ab # a, b, or e. For example
if ab = e then b = a~! = a which is not true as a and b are given as distinct elements.

Case ab = ba. Then (ab)? = (ab)(ba) = aea = a’ = e. Contradiction. / /i&\}
Case ab # ba. No solution foundlfor that case. 60\ ib o, b e '\*\2_5/-/

Ca l)O\) = C&‘(bca)(o\éox) - O\{) C'}é@\ = C&C‘,/LQ: O’s - P
610 gonend  Iob= |obe!| Vb G

Let z € (a) N (b). Then by corollary 1 (page 79), || divides both 10 and 21. Since
they are coprime, |z| =1 and z' =z =e. .
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