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Problems
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¢(n) = 2n. If 2a = 2b then a = b. For each’ 2k we have ¢(k) = 2k. Obferve\

¢(ab) = 2(a+b) =2a+2b= ¢(a)¢(b), Following by usual properties of integers. Q

2 =S

We Follow the same proof approach of Ezample 15 (page 130). Let ¢ € Aut(Z) be

arbltrary Then by the usual properties of integers and isomorphisms, ¢(k) = ¢(1+1+
+1) = ¢(1) + -+ ¢(1) = k- $(1). But by definition ¢(1) = c for Some integer c.

Therefore (k) = kc In other words, Aut(Z) = {¢ Elc, vk (k) = kc} @
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Caylay table of U(10): ;
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Recall from theorem 6.2 (page 126), Any ¢ maps the identity to the identity of the
other group.

In U(8) we have 3-3 = 1. Then $(3-3) = ¢(3)-4(3) = ¢(1) = L. The only non-identity
element in U(10) satisfying that is 9. Hence ¢(3) = 9.

Similarly 55 = 1. Then we mu have some a € U(10) such that a-a =1 where
a ¢ {1,9}. Contradiction. 5. S
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Injective. Given log;a = 1og;o b, we get 10©6w0e = 10%810°, and a =b. L

Surjective. Given z € R, take a = 107 € R*. Then logypa = log,g10° =z. [

Group Operation. Observe ¢(ab) = logygab =log;oa+ log;o b = ¢(a) + ¢(b),—
.
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228?12‘3’8 #(ab72) = ¢(a®) + (672 = [p(a)]} +[d(b)] 2 = (@) + (b) 2. We used theorem
o >3 -1k
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(—). For any a,b € G, We have: 53\&1\&% «ﬁ N lwf ]’\/a%f}\ ?WM

a(@™™) =alaa(d™) 1 oot \):Mj\" ﬁ;(’j\h&m
(a—lb—l)—l = -

(). Symmetrically, If we have b='a™ = a6}, Then a(ab) = a(a b). Bijection is

. clear by properties of inverses. Slfu:w[ Q] QLCW,] ﬁ JO !, Q\S
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By theorem 6.5 (page 131), Aut(Z;) ~ U(3) and Aut(Z,) =~ U(4), so Aut(Zs) =
Aut(Zy) by the transitivity of isomorphism. But Zz % Z; as the two groups have
different orders, so no bijection exists. o5
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Clearly groups H and K are isomorphic to S;. By transitivity H ~ K. @/
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For every ¢ = 2,3,4..., Consider the subset H. = {ck | kK € Z}. It is a subgroup, As
it has the identity ¢(0), inverses ¢(—k), and closed cky + cky = c(k1 + kz).

It remains to show those subgroups are distinct. For any c; and cp where ¢; < ¢z we
have ¢;(1) € H,, but ¢;(1) & He,. Therefore H,, # H,,. @D
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We use theorem 3.2 (page 63). If ¢(a) = a then ¢(a™') = (¢(a))™ = a™'. Also, If
¢(a) = a and ¢(b) = b then ¢(ab) = ¢(a)¢(b) = ab. o~ 345
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Let K be a subgroup of G. We use theorem 3.2 (page 63). \

Inverse. For any__g_g)ze P(K), (#(k))t=¢(k™!). But k™' € K, So (k™) € qi)(K W
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Closed. For ¢(k;), d(k2) € ¢(K), We have d(k1)p(k2) = d(krks). But kiky € K, So
d(k1ks) € H(K).



